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PREFACE 


The  purpose  of  this  report  is  to  create  a coherent  picture  of  acoustic 
scattering  from  obstacles  based  on  the  important  and  current  knowledge  of  the 
subject.  The  report  is  meant  to  be  step  one  in  a two  step  process.  The  second 
step  will  be  the  design  and  construction  of  a learning  package  for  the  rapid 
and  effective  communication  of  the  critical  knowledge  found  mainly  in  this  report. 
The  subject j acoustic  scattering!  was  chosen  because  of  its  pertinence  in  under- 
sea warfare,  which  is  a major  responsibility  of  our  sponsor,  the  U.S.Navy. 

The  assemblage  of  knowledge  into  the  format  of  this  report,  and  ultimately 
into  a learning  package,  was  motivated  by  the  thought  that  the  criticisms  of 
Toffler  [Future  Shock,  1970]  and  the  predictions  of  Kemeny  [Man  and  the  Computer, 
1972]  are  both  correct.  The  first  man,  a former  newspaper  writer,  credits  the 
intense  rate  of  change  now  being  experienced  in  society  to  a knowledge  explosion, 
and  suggests  that  continuing  education  is  an  absolute  essential  for  all  of  humanity 
The  second  man,  a mathematics  professor  and  President  of  Darmouth  University,  fore- 
casts future  continuing  education  programs  in  which  televised  lectures  are  brought 
into  the  home  or  the  office,  in  which  a computer-based,  nationwide,  automated  ref- 
erence library  is  available  for  query  from  remote  home  or  office  terminals,  and  in 
which  student  interaction  with  home  computer  terminals  takes  place  for  quizzing, 
for  drill,  and  for  the  transfer  of  basic  knowledge.  Thus,  the  work  reported  herein 
and  its  ultimate  translation  into  a learning  package,  is  meant  to  be  a contribution 
to  the  huge  body  of  information  which  will  have  to  be  assembled  to  make  Kemeny' s 
vision  into  a reality. 

The  Material  Command,  the  Training  Command,  and  certain  Tactical  Development 
Commands  of  the  U.S.Navy  are  all  potential  users  of  the  learning  package  which  will 


be  based  on  this  report.  For  managers,  as  well  as  technical  workers  in  these 
commands,  there  is  an  ever  pressing  need  to  understand  in  detail,  all  facets  of 
underwater  sound,  as  well  as  many  other  technical  subjects.  Yet,  the  time  avail- 
able to  devote  to  such  study  becomes  less  and  less.  The  authors  of  this  report 
envision  therefore,  the  establishment  one  day  within  the  buildings  of  the  Naval 
Material  Command,  or  at  the  headquarters  of  certain  Tactical  Development  commands, 
a Technical  Information  Center.  Subscribers  to  the  Center  can  sign  out  — or 
through  query  by  telephone,  by  closed  net  television,  or  by  remote  computer  term- 
inal receive  — the  learning  package  which  will  be  based  on  the  material  assembled 
in  this  report. 

It  is  our  firm  belief  that  learning  packages  on  this  and  many  other  topics 
will  have  to  become  a reality,  which  makes  one  realize  that  the  notion  of  a rapid 
retrieval  technical  information  center  can  only  come  to  pass  where  there  exists 
both  financial  support  and  the  needs  of  a large  audience.  However,  if  knowledge 
is  power,  it  certainly  appears  uhat  the  rapid  and  responsible  dissemination  of 
technical  knowledge  rithin  the  Navy  technical  and  operational  communities  is  a 
worthy  topic  for  effort,  just  as  it  is  within  the  medical,  law,  and  other  profes- 
sional communties. 

The  sponsor  of  the  work  upon  which  this  report  is  based  is  the  Director  of 
Naval  Analysis  Programs,  Office  of  Naval  Research,  Code  1+62  (now  changed  to  code 

1+31). 
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ABSTRACT 


In  this  report  we  have  tried  to  communicate  technical  subject 
matter  in  a way  better  than  it  has  been  done  previously  — the 
subject  is  Acoustic  Target  Strength.  We  have  collected  the  com- 
ponents of  the  subject  — analyzed  them  — synthesized  them  — 
and  now,  herein,  we  attempt  the  TECHNOLOGY  TRANSFER. 

Our  case  study  is  limited  to  scattering  from  fixed  targets 
in  the  mid-  to  high-frequency  range.  We  first  analyze  the  available 
exact  methods,  and  then  establish  their  limitations.  We  introduce, 
and  describe  in  detail,  the  principal  approximate  theories  and 
methods;  their  bounds , limitations,  and  potential  extensions  are 
discussed.  We  form  a SYNTHESIS  of  the  component  parts  at  four 
levels,  including:  example  problems,  comparative  formulas,  guidelines 
in  analytical  terms,  and  finally  "wave  intuition".  Some  examples  of 
the  correlation  between  theory  and  experiment  are  shown  in  order  to 
give  some  evidence  of  the  c rrent  state-of-the-art. 
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SECTION  1 


INTRODUCTION 

1.1  OBJECTIVES 

We  live  in  a world  of  accelerating  complexity  and  specialization.  Highly 
sophisticated  knowledge  is  developed  by  theoreticians,  but  often  in  a form 
which  makes  it  inaccessible  to  potential  users.  Conversely,  the  potential 
users  speak  a language  not  understood  by  theoreticians,  and  therefore,  do  not 
make  their  needs  known.  Neither  side  has  been  able  to  bridge  the  gap.  We 
believe  that  this  transfer  of  knowledge,  which  we  have  termed  "technology 
transfer",  is  a proper  function  of  the  University  and  one  which  the  University 
is  uniquely  qualified  to  undertake. 

By  transfer  of  knowledge  from  the  theoretician  to  the  userwe  do  not  imply 
an  attempt  to  train  the  userto  be  a theoretician.  Our  goal,  is  to  make  theo- 
retical knowledge  accessible  to  the  user  in  an  understandable  form.  To  accomplish 
this,  it  is  not  necessary  to  teach  him  the  detailed  workings  of  the  theory,  but 
it  is  important  to  introduce  him  to  its  conceptual  framework  and  main  results. 

We  wish  to  provide  him  with  an  intuition  which  can  be  a reliable  resource  for 
assessing  what  is  available  to  him,  and  to  provide  guidelines  for  acquiring  it. 

Our  study  objectives  can  be  stated  succinctly: 

1)  Develop  a methodology  for  critically  synthesizing  technical  information 
of  significant  importance  to  various  aspects  of  Anti-Submarine  Warfare. 

2)  Develop  and  test  means  (tools)  for  effectively  communicating  the  syn- 
thesized knowledge  to  specific  technical  and  management  levels  in  the 
Navy. 

3)  Demonstrate  an  application  of  the  methodology  in  a case  study  of  acoustic 
"target  strength". 


We  chose  target  strength  as  an  appropriate  field  in  which  to  attempt 
technology  transfer  because;  (l)  it  contains  a very  wide  variety  of  prediction 
methods,  ranging  from  the  very  sophisticated  to  the  very  crude,  (2)  there  is 
little  agreement  or  real  understanding  of  the  analytical  methods  and  their 
domains  of  applicability,  and  (3)  there  is  little  communication  between 
theoreticians  and  practioners  in  this  field.  We  also  felt  that  development 
of  a successful  method  for  technology  transfer  in  this  field  would  perform 
a valuable  practical  service  for  the  Navy. 

1.2  CONTENT  AND  PROCEDURE 

Modern  diffraction  theory  began  with  Sommerfeld  in  1896  and  was  developed 
academically  until  World  War  II  when  the  need  arose  for  practical  methods  for 
calculating  target  strength  of  complex  bodies.  Since  then  there  has  been  a 
proliferation  of  approximate  methods  for  calculating  target  strength;  there  are 
presently  more  than  ten  different  methods  in  the  mid-to  high-frequency  domain. 

We  have  judged  three  of  these  methods  to  be  practical.  We  have  called  these 
the  Geometrical  Acoustics,  the  Kirchhoff,  and  the  Keller,  methods.  All  three 
are  presently  in  use  by  the  Navy.  They  have  overlapping  domains  of  validity, 
but  in  fact,  they  are  often  used  as  if  they  had  identical  domains  of  validity. 

This  is  partly  because  the  main  mathematical  tool  used  in  high-frequency  scatt- 
ering analysis,  the  asymptotic  expansion,  does  not  readily  allow  for  rigorous 
error  analysis. 

To  accomplish  our  first  objective  (relating  to  the  development  of  a methodology) 
we  prepared,  refined,  and  executed  the  procedural  flow  diagram  in  Fig. 1-1.  Our 
initial  effort  was  devoted  to  a careful  review  of  all  available  books,  papers,  and 
reports  on  the  subject  of  target  strength.  A filtering  process  was  vised  to  cate- 
gorize the  literature  at  three  levels  — Useful  (U),  Not  Useful  (NU),  and  Possibly 
Useful  (PU).  This  was  (and  still  is)  a continuing  process.  At  some  later  time  a 
saturation  (of  the  minds  of  the  investigators)  takes  place  and  a confidence  level 


PHASE  I 1 PHASE  II 


Fig. 1-1  A PROCEDURAL  FLOW  DIAGRAM 
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is  reached  enabling  the  start  of  the  analysis  effort.  The  results  of  this  ANALYSIS 
are  contained  in  section  2«2  of  this  report,  and  in  the  detailed  Appendices  A through 
E.  Analysis  naturally  leads  to  an  attempt  to  synthesize  and  draw  conclusions;  the 
last,  purely  technical  effort,  in  phase  I.  The  results  of  this  SYNTHESIS  sire 
contained  in  section  2.3  of  this  report.  Phase  II  begins  the  communication  effort 
and  involves  the  creation  of  a "learning  package".  We  define  a learning  package 
as  an  integrated  collection  of  instructional  media,  including  (l)  textual  material, 
(2)  motion  visualizations  (films,  video  tapes,  slides,  etc.),  and  (3)  computer 
programs  and  instruction.  This  report  is  one  part  of  that  learning  package;  the 
remaining  parts  are  currently  under  development.  The  successful  conclusion  of 
phase  II  will  satisfy  the  2nd  and  3rd  objectives  of  our  overall  effort. 

Analyze,  synthesize,  and  communicate  — these,  we  contend,  are  the  vital 
steps  in  technology  transfer.  A complex  technical  subject  like  target  strength 
must  be  thoroughly  analyzed  and  then  critically  synthesized.  To  synthesize  is  to 
obtain  a coherent  sum  of  diverse  information;  but,  what  is  coherent  t some  people 
may  be  confusing  and  vague  to  others.  We  speak  of  a critical  synthesis  because 
it  is  critically  important  to  develop  the  synthesis  in  a form  which  will  be  truly 
coherent  to  the  intended  audience.  Our  development  of  the  target  strength 
SYNTHESIS  has  been  structured  with  these  points  clearly  in  mind.  In  theory,  it 
is  directly  from  the  SYNTHESIS  that  the  learning  package  is  created.  Therefore, 

it  is  desirable  that  we  elaborate  here  on  the  structure  of  the  SYNTHESIS. 

/ 

Initially  we  were  faced  with  a body  of  considerably  diversified  knowledge. 

An  ideal  synthesis  would  include  (at  least)  the  results  Of  rigorous  analytical 
validation  of  the  various  approximate  methods;  i.e.,  a precise  delineation  of 
their  domains  of  validity  through  rigorous  error  bounds.  However,  the  state  of 
the  mathematical  art  is  such  that  this  is  not  presently  possible.  Keeping  in  mind 


that  our  ultimate  goal  is  the  development  of  a learning  package  for  the 
transfer  of  knowledge,  and  that  this  transfer  is  to  take  place  at  more  than 
one  level,  we  decided  that  it  would  be  appropriate  to  attempt  a synthesis  at 
four  different  levels  of  generality.  We  characterize  these  levels  as  follows , 
in  order  of  increasing  generality. 

1.  Numerical  comparison  of  solutions  of  specific  problems  with  well- 
defined  norms . 

2.  Comparison  of  predictive  formulas. 

3.  General  guidelines  stated  in  analytical  terms, 

4.  General  guidelines  applicable  to  all  scattering  problems  (development 
of  "wave  intuition"). 

We  have  limited  our  case  study  to  the  three  practical  approximate  methods 
mentioned  above,  together  with  the  exact  solutions  when  available.  We  chose  as 
a baseline  for  comparison  the  "sonar  backs cattering  cross-section"  from  rigid 
; -dies  (though  all  of  the  theories  can,  in  principle . be  applied  to  penetrable 
and  absorptive  bodies  as  well). 

At  the  first  level,  which  is  the  most  specific  and  least  general,  we  made 
numerical  comparisons  of  the  cross-sections  of  specific  bodies,  calculated 
according  to  the  approximate  theories  with  well-defined  norms.  We  defined  the 
norm  to  be  the  exact  solution  when  available,  and  experimental  results  otherwise. 

We  have  called  this  section  EXAMPLE  PROBLEMS.  The  sphere,  the  prolate  spheroid, 
and  the  finite  cylinder  were  used  as  example  targets.  These  shapes  were  chosen 
for  reasons  internal  to  the  theories,  i.e.,  to  illustrate  all  of  their  important 
features,  and  also  for  their  practical  importance  to  the  Navy.  The  comparisons 
produced  a variety  of  different  conclusions.  Cases  were  found  in  which  all  methods 


l-S 


were  in  good  agreement  with  the  norm,  others  in  which  one  method  was  found 
to  be  superior,  and  still  others  in  which  no  method  was  satisfactory.  It 
also  became  clear  that  the  most  sophisticated  method  is  not  necessarily  the 
best. 

The  second  level,  comparison  of  formulas,  was  implemented  by  preparing 
tables  of  cross-section  formulas  as  functions  of  aspect  according  to  the  three 
approximate  theories,  together  with  exact  solutions  when  available,  for  more 
than  ten  different  shapes.  These  tables'  can  serve  a number  of  purposes.  They 
show  the  relative  complexity  of  different  methods  and  display  the  interrelation- 
ships. Perhaps  their  most  important  feature  is  the  blank  space  — cases  for 
which  no  formula  now  exists.  Each  of  these  cases  is  accompanied  by  an  explanation. 
The  explanation  may  simply  be  that  the  method,  while  applicable,  has  never  been 
developed.  But  more  important  are  those  cases  in  which  methods  fail  for  various 
reasons,  revealing  intrinsic  limitations  of  the  approximate  methods. 

The  third  level  consists  of  a set  of  general  statements  expressed  in  analytical 
terms,  such  as  "formula  fails  within  an  angle  of  (ka)-1  about  a caustic  and  must 
be  replaced  by  a uniform  asymptotic  approximation".  At  the  fourth  level,  we  have 
formulated  general  guidelines  such  as  "the  Kirchhoff  method  is  most  reliable  ne'sr . 
normal  incidence",  and^edge  diffraction  is  generally  more  important  than  tip 
diffraction".  At  the  third  and  fourth  levels  our  mein  purpose  is  to  develop  what 

ve  have  come  to  call  "wave  intuition".  The  non-specialist  usually  conceptualizes 

/ 

scattering  in  terms  of  rays.  This  picture  can  be  very  misleading  in  many  diffrac- 
tion problems.  Our  major  objective  here  is  to  give  the  student  an  adequate 
feeling  for  situations  in  which  "ray  intuition"  is  inadequate  and  in  these  cases 
to  replace  it  by  an  appropriate  "wav:  intuition". 
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Section  2 follows  and  begins  the  case  study  on  target  strength.  Section  2 


{: 
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consists  of  three  subsections:  2.1  GENERAL,  2.2  ANALYSIS , and  2.3  SYNTHESIS. 

The  rationale  for  the  analysis  and  synthesis  sub-sections  have  already  been  given. 
Sub-section  2.1  GENERAL,  provides  the  "bridge"  to  introduce  the  technical  subject 
define  the  important  terms,  and  establish  the  bounds  of  our  problem. 


! ' 
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2.1-1 


Section 


A CASK  STUDY : TARGET  STRENGTH 

2.1  GENKKAL 

As  an  exercise  in  technology  transfer,  we  have  chosen  to  analyze,  synthesize 
and  communicate  the  technological  subject  of  "target  strength".  This  report,  and 
this  section  in  particular,  contain  the  analysis  and  synthesis.  The  communication, 
in  the  form  of  a "learning  package",  is  currently  under  development. 

2.1.1  TARGET  STRENGTH  AND  TliK  GOriAR  EQUATION 

The  target  strength  ex'  a body  or  bodies  is  a measure  of  its  reflecting  or  scatt- 
ering properties,  accounting  for  the  shape  and  compliance  of  the  scatterer,  and 
the  spatial  variation  of  the  scattered  field.  The  symbol  N is  often  used  to 
represent  target  strength  but  we  .shall  use  the  simple  abbreviation,  TS.  In  acoustics, 
we  have  come  to  define  TS  as  a logarithmic  ratio  of  intensities  [URICK.  - I967J 


TS  ( 0 , <t> ) s 10  log10  xsca  (r,B,») 

I. 


(2.1-i; 


where  the  incident  intensity  I.  is  measured  at  the  acoustic  center  of  the  target 

inc 

and  the  scattered  intensity  _ is  measured  at,  or  referenced  to,  one  yard  from 

3 C £1 

the  acoustic  center  along  the  direction  ( t3 , <J> ) . Often,  if  not  always,  it  is  im- 
possible or  unrealistic  to  determine  I at  one  yard  from  the  acoustic  center. 

S Cel 

In  practice,  1 is  measured  or  calculated  at  some  large  distance  r from  the 

S C cl 
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acoustic  center  and  extrapolated  bark  to  r = 1 yard,  using  a l/r  spreading  law. 
That  is,  we  use 
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ts  (e,<j>)  = 10  log 
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and,  if  the  measurement  point  is  in  the  far-field,  then  I can  be  written  as 
’ sea 


I 

sea 


(e,$) 


f2 

sea 


(6,*).  l/r2 
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and  TS  becomes  independent  of  the  range  of  the  measurement.  Of  course,  if  the 
measurement  or  calculation  is  made  at  some  range  within  the  near-field,  then 

1)  TS  will  not  be  independent  of  range,  r; 

2)  The  scattered  intensity  at  r = 1 yard  will  not  be  the  actual 
intensity  (nor  will  it  be  the  actual  intensity  in  most  other  cases); 

3)  The  TS  at  any  other  range  will  not  be  known,  nor  can  it  be  determined 
without  knowledge  as  to  the  actual  spreading  law. 

Simply  stated,  the  near-field  target  strength  problem  is  range  dependent,  whereas 
the  far-field  problem  is  not.  We  will  deal  only  with  the  far-field  problem.  For 
those  who  are  interested,  the  complexities  of  the  near-field  problem  are  discussed 
more  fully  in  MAJOR  [1946]  and  FREEDMAN  [1962]. 

An  alternative  measure  of  the  far-field  scattering  properties  of  a target 
is  the  sonar  cross  section  a(0,<J>)  related  by  analogy  to  the  radar  cross-section 
of  electromagnetics. 


a (6,<C)  * 


lim 

r-*» 
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The  far-field  TS,  and  the  sonar  cross-section  a,  are  in  turn  related  by 

TS  = 10  log10  {o/4tt}  (2.1-5) 

where  a is  expressed  in  square  yards. 

In  our  work  we  will  use  either  form,  TS  or  a to  measure  or  describe  the  scattering 
properties  of  targets. 


2.1-3 


The  definition  of  TS,  as  given  by  Eq.  (2.1-5)  and  (2.1-4),  j s a convenient 
form  for  use  in  the  active  sonar  equation  [URICK  - 1967;  p-  2'j.  F~r  noise 
limited  conditions  the  active  sonar  equation  is  (in  URICF'S  [1967]  symbols) 


SL  - 2TL  + TS  - (NL  - DI)  = DT 


(2.1-6) 


or,  in  the  older  symbols 


2N  •+  N.  - ( L - Ii . . ) = N . 

w ts  n di  rd 


(2.1-7) 
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where 
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source  level 
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transmission  loss 
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isotropic  noise  level 
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This  equation  establishes  an  equality  of  the  signal  power  to  noise  power  ratios 
between  the  required  condition  at  the  receiver  (DT)  and  the  actual  condition  which 
exists,  subject  to  certain  probability  criteria.  The  TS  is  only  one  of  the  system 
factors,  but  its  role  in  influencing  sonar  system  performance  is  clearly  shown  by 
Eq.  (2.1-6). 

2.1.2  ORGANIZATION 

During  this  study  it  was  necessary  to  assemble,  digest,  and  organize  a vast 
amount  of  information  relating  to  the  TS  problem.  Our  specific  objective  was  to 
develop  a synthesis  of  the  pertinent  information  in  a form  which  could  be  easily 
understood  and  used  by  those  who  are  not  familiar  with  the  techniques  of  TS 
prediction. 

In  this  section  (2.1)  we  introduce  and  establish  the  bounds  of  the  problem. 


Section  2.2  presents  the  various  means  by  which  TS  can  be  analyzed  and  predicted. 
This  ANALYSIS  section  is  supported  by  five  detailed  appendices,  A through  E. 
Appendix  A establishes  the  basics  of  linear  acoustics  and  is  used  often  lor 
reference.  Appendices  B,  C,  and  D are  detailed  discussions  of  the  three  prin- 
cipal target  strength  prediction  theories  for  irregular  targets.  Appendix  E 
(under  separate  cover)  reports  on  the  correlation  which  has  been  achieved  between 
theory  and  experiment. 

Section  2.3  contains  the  SYNTHESIS  of  the  target  strength  problem.  This 
synthesis  is  presented  at  four  levels  in  ascending  order  of  generality  - from 
specific  formulas  and  example  numerical  results^to  general  guidelines. 

A bibliography,  in  alphabetic  order,  is  appended,  which  includes  all  cited 
references . 

2.1.3  ASSUMPTIONS  AND  LIMITATIONS 

The  general  scattering  problem  to  which  we  address  ourselves  is  illustrated 
below. 


The  source  of  acoustic  energy  and  the  observation  point  are  sufficiently 
far  from  the  scatterer  that  the  incident  field  ex  the  target  and  the  observed 
field  are  plane.  The  target  is  an  irregularly  shaped  body  which  is  acoustically 
penetrable.  The  medium  exterior  to  the  target  is  an  homogeneous,  inviscid  fluid 
and  the  source  is  assumed  to  oscillate  harmonically  at  some  angular  frequency,  w. 


Exact,  asymptotic,  or  approximate  methods  of  analysis  are  in  theory  capable 
of  dealing  with  this  problem,  but  few  specific  results  can  be  obtained  without 
further  specialisation  or  simplification.  Consequently,  In  the  material  that 
follows  we  will  often  specialize  to: 

1)  coincidence  of  the  source  and  observer  (i.e.,  monostatic  sonar  as  a 
special  case  of  bi-static  sonar) » 

2)  impenetrable  targets  (i.e.,  acoustically  "hard"  or  "soft"  bodies)'. 

3)  special  aspects  to  take  advantage  of  symmetry. 

In  addition  to  these  specializations,  our  consideration  of  the  scattering  problem 
will  be  limited  to  cases  in  which  the  maximum  dimension  l of  the  scatterer  is 
approximately  equal  to  the  acoustic  wavelength  X (the  so-called  "resonance"  region), 
or  Jl  > X (the  so-called  "optics"  region).  This  limitation  is  (l)  partly  due  to 
the  relative  importance  of  the  mid-  to  high-frequency  scattering  problem  as  opposed 
to  the  low-frequency  (Rayleigh)  scattering  problem,  but  also  (2)  necessary  to  allow 
ourselves  to  deal  with  a manageable  amount  of  material  within  our  available  resource 
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2.2  ANALYSIS 

This  subsection  will  present  an  overview  and  discussion 
of  the  mathematical  methods  commonly  employed  for  an  analysis 
of  the  acoustic  sonar  cross  section  of  penetrable  objects  - 
but  often  specializing  to  the  hard  (riaid)  or  soft  (resilient) 
boundary  conditions.  This  will  include  a discussion  of  exact 
methods  and  of  hiah-frequency  asymptotic  expansions  (applica- 
ble only  to  special  shapes) , while  the  approximate  methods 
(applicable  to  irregular  shapes)  , such  as  geometrical  acous-. 
tics  and  the  theories  of  Kirchhoff  and  Keller,  will  be  treated 
fully  in  Appendices  B,  C and  D.  Examples  of  the  exact  and 
asymptotic  theories  will  be  demonstrated  in  significant  detail 
for  the  sphere  and  cylinder  geometries.  It  is  felt  that  such 
detail  is  necessary  to  develop  intuition  about  the  exact  phe- 
nomena, and  an  appreciation  of  the  severity  of  the  assumptions 
made  in  the  approximate  theories.  Appendix  E discusses  some 
comparisons  between  theory  and  experiment. 

On  several  occasions,  we  shall  use  results  of  linear 
acoustics  that  are  derived  in  Appendix  A,  and  shall  refer  to 
specific  equations  of  that  appendix  as  needed. 


2.2.1  EXACT  METHODS  OF  SONAR  CROSS  SECTION*  ANALYSIS 


The  basic  quantities  and  concepts  of  acoustics,  as  needed 
in  the  following,  are  introduced  in  Appendix  A,  as  is  the  devel- 
opment and  definition  of  the  sonar  cross-section  (c.  s.) . Here, 
we  proceed  to  an  illustration  of  how  to  obtain  the  latter  by  an 
exact  mat'  ematical  calculation  for  some  of  the  few  cases  (main- 
ly those  where  the  tarcret  is  of  simple  shape)  in  which  the  exact 
method  is  applicable.  [For  most  cases  of  practical  importance 
(i.e.  irregularly  shaped  scatterers) , the  approximate  methods 
discussed  in  the  Appendices  must  be  used).  Following  this,  we 
shall  also  present  a discussion  of  some  high-frequency  expan- 
sion methods  for  the  exact  solutions,  which  either  entail  useful 
simplifications  of  the  latter,  or  which  lead  to  additional  phy- 
sical insight, 

2, 2, 1,1  Exact  Solution  for  the  Infinite  Right  Circular  Cylinder. 

For  bodies  of  simple  shape,  such  as  the  one  considered 
here,  the  sonar  c.  s,  problem  may  be  solved  exactly.  The  so- 
lution, besides  being  useful  in  its  own  right,  may  also  be 


♦To  be  abbreviated  by  "sonar  c,  s 


II 
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employed  for  gauging  the  accuracy  of  an  approximate  sol- 
ution against  it. 

The  problem  of  scattering  from  an  infinite  riqht 
circular  cylinder  is  here  presented  as  an  example  of 
a two-dimensional  scattering  problem. 

The  plane  incident  wave  of  Eq.  (a-32)  , i.e. 

p£nc  = P exp{i(£.r  - wt) } (2.2-1) 

may  be  expanded  in  terms  of  “cylindrical  harmonics"  as 
follows ; 

' P euj  Z c°  ejdp  i tn  J*  (lor) 

' *•  » (2.2-2) 

’ P Z U-<T„  ) 1“  X (U)  cos  n<f>. 

ft'°  (2.2-3) 

The  second  form  follows  from  the  first  by  substituting 
n' = -n  for  n < 0,  and  using  the  property  [JAHNKE  - 1945] 

J (x)  - (-l)n  J (x)  (2.2-4) 

-n  n 

of  the  Bessel  functions  with  integer  index,  Eq.  (2.2-2) 
is  proved  by  Fourier-expanding 


- ey-pli kr  cos  4 \ ' Z I^Cr)  evp  , 

(2.2-5) 


multiplying  by  expt-im^},  integrating  over  d$  and  using 
the  integral  representation  [JAHNKE  - 1945] 


Jn  M « J eyip  df 

of  the  Bessel  function. 


(2,2-6) 


If  the  pressure  is  written  as  a function  of  the  cylin- 
drical coordinates:  p » p (r,  <fi , t)  , the  boundary  conditions 
Eqs.  (a-73)  and  (a-75)  become , respectively, 

p(a,$,t)  = 0 (soft)  (2,2-7) 

and 

| - 0 (rigid,  (2.2-8> 

3r  r=a  '* 


where  r = a is  the  radius  of  the  scattering  cylinder. 

Using  the  expression  lor  v2  in  cylindrical  coordinates 
(and  assuming  no  z-dependence) 


" r 


_L  it 


(2.2-9) 


[MORSE  -1953] , the  Helmholtz  equation  for  the  scattering 
problem,  Eq,  (a-83)  in  source-free  space*,  becomes 


(2.2-10) 


The  method  of  solution  proceeds  via  the  so-called  method 
of  "separation  of  variables",  writing 


p(r , ~ R(r)  ■&($), 


(2.2-11) 


and  inserting  in  Eq.  (2.2-10),  one  finds 


x A (r  -d£\  4 kV3  - 

dr  ' dr  ' $ d / (2.2-12) 


* The  source  of  a plane  incident  wave  lies  at  infinity,  hence 
outside  the  finite  region  of  space  in  which  we  want  to  find  the 


solution 
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where  both  expressions  are  set  equal  to  a "separation 
constant"  v2  since  they  depend  on  different  variables 
each.  The  "41-equation" 

— ^ +■  £ » 0 

d 4>a*  (2.2-13). 

has  the  solution 


$>  ($)  = ejtp  $5, 


(2.2-14) 


and  the  condition  for  a unique  solution, 

£ ($  + 1 c 1 MO 

(2.2-15) 

requires  that  v = n,  i.e.,  an  inteqer  . The  "r-equation" 


7 - 0 


(2.2-16) 


may,  by  the  substitution  p = kr,  be  transformed  into  Bessel's 
equation  [HORSE  - 1953] , with  the  solution 


R(r)  - (kr ) ^ 


(2.2-  17) 


Zn  being  any  cylinder  function.  One  sees  that  the  plane 
incident  wave,  Eq.  (2.2-2)  ,.is  then  a solution  of  Helmholtz's 
equation.  The  total  pressure  field  may  be  written  as 

ptotal  = pinc  + PSCa  ' (2.2-18) 

where  the  scattered  wave  Psca  has  the  same  form,  but  with 
the  Hankel  function  Hn^(kr)  replacing  ( ki  ) since  it  must 
asymptotically  (r+<»)  represent  an  outgoing  wave,  a.  exp{ i (kt-ut)  } . 
(This  is  known  as  the  Sommer feld  "radiation  condition",)  In- 
deed, the  asymptotic  form  of  H ^ is  given  by  [JAHNKE  - 1945] 
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j&<y\  Hn0)(y)  = O/np)^  exp  ft  [y  ‘‘i)!! 

(2.2-  19) 

which  leads  to  the  desired  form.  The  total  pressure  field 
is  thus 

=■  "P  e*o  1.  l exp  f 1 0 4>i  £Jn(fcr)  + Cn 

n-  -<*> 

(2.2-  20) 

The  coefficients  cn  may  be  determined  by  demanding  that  p 
satisfy  the  boundary  conditions  of  Eqs.  (2,2-7)  or  (2.2-  8),  , 
and  one  finds 

= Pexp  l-*cbt3  2 \T  £*phn<t>I  (3nU.r)  - [3n  (fca)/Mn  \\P  ItoO^ 

f\=  -ao 


(2.2-  21) 


or' 


p.*oM  = P<=*p  ^^5  JL,  * Mp (t<)  - [jn' (ta) /d0u)  '(ta) J l4nco( JCr ) j 

(2.2-  22) 

for  the  soft  or  hard  case  respectively.  These  expressions 
are  known  as  "normal  mode  series"  or  "Rayleicrh  series". 

For  obtaining  the  target  strength  of  the  cylinder,  we 
must  bring  Eqs.  (2.2-  21)  , (2.2-  22)  in  the  form  of  Eq.  (a— 66)  , 

which  is  possible  by  using  Eq.  (2.2-  19)  . This  leads  to 


f(?)-  - Wirt-)*1  e*plw\  % Jn'(ta)/rt„w/M 


n = -*> 


(2.2-23) 


♦here,  e.g.,  Hn^^(kr)  denotes  the  derivative  of  the  Hankel 
function  with  respect  to  its  argument. 
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(for  the  hard  cylinder;  for  the  soft  one  , the  primes  are 
to  be  dropped) , and  one  finds  for  the  differential  cross 
section: 


&SL 


JL 

nd 


2 nr 
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and  for  the  sonar  c«  s,: 


I/ha)  Is 


according  to  Eqs.  (a-69)  and 


(a-72)  . 


(2.2-25) 


2 . 2 . 1 . 2 Exact  Solution  for  the  Sphere 

As  an  example  of  a three-dimensional  scatterer,  the 
sonar  c.  s.  will  be  found  by  the  exact  method  for  a 
sphere  of  radius  a.  The  calculation  proceeds  analogous 
to  the  preceding  one  for  the  cylinder.  The  plane  incident 
wave,  Eq.  (2.2-  1)  , may  be  expanded  in  terms  of  “spherical 
harmonics”  or  Legendre  polynomials  P^(cos  0)  [WATSON  - 1952]: 

" P Z i.*  ( IS.  + \ ) u ^ 0) 

J (2.2-26) 

where  we  introduce  the  “spherical  Bessel  functions" 


iO*)  * Tf.4  If)  . 


(2.2-27) 


Writing  p = p(r,e,$,t),  the  boundary  conditions  to  be  satisfied 
are 


? (a.,  © , 0 = o <soft> 


(2.2-28) 
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■ii 


■=  o 


(rigid) 


(2.2-29) 


The  Helmholtz  equation  in  spherical  coordinates, 


j.  *_(r»i*.\+  _J &-(s10q  -ae- V-i—  ^-+kp--o 

br  ' r*  -svn  © £>©  / 


(2.2-30) 


is  separated  by  writing  p =R(r)9(6)  (no  <)>  dependence  appears  since 
the  problem  is  cylindrically  symmetric  about  the  z-axis)  so  that 

— (<a  \ X — ( 5in  •&  d \ - X 

^ d<*  (!j>5in©  d©  d0  ' 


(2.2-31) 


The  " e -equation" 


+ Cot  £ y-  x (2)  =0 

a©2  da 


(2.2-32) 


is  the  Legendre  equation,  whose  only  solutions  that  are  finite 
at  0 = 0 and  ir  are  obtained  for  a separation  constant  equal 
to  \ = £.(£.  +1)  with  i = integer;  these  solutions  are  simply 
the  Legendre  polynomials 


0 - Po  0s) 


(2.2-33) 


The  "r-equation" 


¥ x & at,1.  t(e+0  1 o = 

Ac1  r dr  L r1  J * 


has  as  its  solution  the  spherical  Bessel  functions: 


(2.2-34) 


Rlrt  = 


*A  (to 


(2.2-35) 


2.2-  9 


where  is  related  to  Z^+1y2  as  given  by  Eq.  (2.2-27) 

The  scattered  wave  must  contain  the  spherical  Hankel  function 
whose  asymptotic  form  is 


fiZ  V°  (p)  = (/*>) 


36) 


so  that  the  total  pressure  field  becomes 


VkctA  * PenpE-iuit5  L*  OUi)[li  Ur) 4 

.JUfc  J 

*•  e*  V'Hkr'l  ] ?{  tecs©)  . (2>2_3?) 

The  boundary  conditions,  Eqs.  (2.2-28)  and  (2.2-29)  , again 
determine  the  coefficients  cz,  leading  to: 

? etpl-'ioot)  2,  ^<)  - 


■ [)<  (ta)/^  (M]  Ll0(lcr)5  ?*  Ceos©) 


(2.2-38) 


and 

w ? eupt-Uct)  S-  i*  (24*0  fVr ") - 
- ty  (ta)/CW]  */%  r)  1 ?*  Uos  ©) 

(2.2-39) 

By  usinq  Eq.  (2,2-36)  , we  bring  these  expressions  into  the 
form  of  Eq.  (a-58)  and  find 

$(?)*  -(i/a)  2 Wt»0  [j»  (tftVti0' '(to)]  Ps  tcccS) 

1-0 

(2.2-40) 


(for  the  hard  case;  no  primes  for  the  soft  case) . The  differ- 
ential cross  section  and  the  sonar  c.  s.  become  from  Eqs. 


(a-62)  and  (a-65) 


w1 


(2.2-41) 


do 


COS 


e^\v 


and 


respectively,  where  the  property 


(2.2-42) 


W-\\  ' 9 (2.2-43) 

^ X 

[JAHNKE  - 1945]  has  been  used.  A plot  vs.  ka  of  the  exact 
sonar  c.  s.  of  the  sphere  is  shown,  e.q.,  in  Figure  2.3-2. 


2.2.2  HIGH  FREQUENCY  APPROXIMATION  METHODS  OF  SONAR  C.  S.  ANALYSIS. 

If  the  seattexer  is  not  simply  shaped,  so  that  the  method  of 
separation  of  variables  cannot  be  applied,  exact  solutions  cannot 
be  obtained.  It  may,  however,  be  possible  to  find  an  asymptotic 
approximation  of  the  solution,  valid  for  high  frequencies,  i.e, 
in  the  form  of  a power  series  in  inverse  powers  of  k£  where  £ is 
a characteristic  dimension  of  the  target.  These  asymptotic  ex- 
pansions may  not  be  convergent  expansions  and,  in  general,  are 
invalid  for  small  k£,  hence,  they  do  not  satisfy  our  definition 
of  an  exact  solution.  Tv  > such  methods  will  be  discussed  below: 
the  Luneburg-Kline  method,  and  the  method  based  on  the  Watson 
transformation.  The  Luneburg-Kline  method  consists  in  an  ex- 
pansion in  terms  of  integer  inverse  powers  of  k£.  This  is  cor- 
rect for  the  specularly  reflected  protion  of  the  scattered  field 
which  does  contain  integer  powers  only  (see  below) , It  misses  any 
components  of  the  field  that  depend  on  non-integer  powers  of  k£? 


Vitek'S 
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and  as  will  be  seen  from  the  Watson  transformation  and  the 
Keller  theory  [Appendix  D] , there  exist  in  fact  components  of 
the  scattered  field  that  encircle  the  target  body  ("creeping 
waves"),  which  contain  powers  of  (k and  "edge"  components 
which  contain  powers  of  (ki,)1^2 **  The  Luneburg  -Kline  method, 
therefore,  only  furnishes  an  incomplete  expression  of  the  scat- 
tered field  inasmuch  as  it  fails  to  account  for  certain  diffrac- 
tion phenomena;  and  it  will  give  correct  results  only  for  cases 
where  these  diffraction  phenomena  do  not  appear,  as  in  the  case 
of  an  infinite  body  (such  as  a paraboloid).  However,  the  method 
is  applicable  to  targets  of  non-separable  qeometry,  while  the 
Watson  transformation  method,  which  furnishes  high-frequency 
asymptotic  expansions  of  both  reflected  -nd  creeping  waves, 
still  can  be  applied  to  bodies  of  separable  geometry  only, 

2 . 2 , 2 , 1 The  Luneburg-Kline  Method 

A method  of  solving  the  problem  > >f  scattering  from  bodies 
with  given  boundary  conditions  { taken  here  as  that-  o*  a rigid 
body)  was  devised  by  LUNEBURG  [19441  and  KLINE  [1951]  by  expan- 
ding the  fields  in  integer  inverse  powers  of  k.  The  solution  of 
the  source-free  Helmholtz  equation,  Eq,  (a-6) , is  written  as 

1 (2.2-44) 

<v  o 

where  S(r)  is  taken  as  the  eikonal  (phase  function)  of  geomet- 
rical optics  [GOLDSTEIN  - 1950]  , satisfying 

\^S\4  = \ (2.2-45) 

Insertion  leads  to  the  successive  equations  for  pn: 


,fcr 

Q-./y 
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•l"  if, 
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s%  + '(ap*  7s*  (7w)  VVo-.  , 

(2.2-46) 

where  we  designated  by 

a * 7S  (2.2-47) 

the  normal  vector  to  the  surfaces  of  constant  phase,  S = 
constant.  The  rigid  boundary  condition  now  leads  to  the 
boundary  conditions  for  the  functions  pn  on  the  surface  of 
the  scatterers 


rv 


c?ir 


n»  s 


(2.2-48) 

where  n is  the  outward  normal  to  the  surface.  When  Eqs. 

(2.2-  46)  and  (2.2-  48)  are  solved,  the  series  of  Eq.  (2.2-  44) 
then  constitutes  a high-frequency  asymptotic  series. 

The  method  has  been  developed  more  fully  by  SCHENSTed  [1955] 
for  bodies  of  revolution  and  axial  incidence.  I’or  an  infinite  im- 
penetrable parabolic,  he  finds  e.cr. 

a * ttR2C  (2.2-49) 

where  R is  the  radius  of  curvature  at  the  vertex  of  the 
paraboloid,  and  where  C is  the  function 


C-- 


± 


[l  t(te/a)7  [(SdLR)  -V>T * * 

» vz  - Ci(te)sin(t«o]5 


- 1 


(2.2-50) 

which  varies  monotonically  from  0.25  at  kR  = 1 to  unity  for 
kR  = ».  Asymptotically,  therefore,  a of  Eq.  (2.2-49)  be- 
comes itR2  , which  is  a special  case  of  the  cross  section  for 
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impenetrable  targets  given  by  geometrical  acoustics j 

a “ ttR  R , (2.2-51) 

GA  12 

Rj  and  R2  bring  the  principal  radii  of  curvature  at  the  point 
of  specular  reflection. 

As  mentioned  above,  the  Luneburg  -illine  result  of  Eq. 
(2.2-49)  should  be  correct  as  the  paraboloid  represents  an 
infinite  body  which  does  not  support  circumferential  waves. 
For  a finite  body,  the  creeping  waves  are  not  contained  in 
the  Luneburg-Kline  solution,  but  they  may  be  obtained  (toget- 
her with  the  reflected  wave)  by  an  application  of  the  Sommer- 
feld-Watson  transformation. 

2. 2. 2. 2 The  Sommerfeld-Watson  Transformation  Method 

This  method  has  first  been  used  by  WATSON  [1919]  , and. 
was  later  extended  by  SOMMERFELD  [1949],  It  has  been  inten- 
sively applied  to  the  acoustic  case  by  FRANZ  [1954] , but  as 
mentioned  before,  the  method  may  only  be  used  if  the  geome- 
try of  the  target  corresponds  to  a separable  coordinate  sys- 
tem. In  fact,  the  method  is  based  on  the  exact  solution  for 
this  case,  which  is  known  in  the  form  of  a Rayleigh  series. 
After  the  Watson  transformation  has  been  applied,  the  trans- 
formed solution  may  be  seen  to  consist  of  reflected  and 
creeping  waves  that  provide  an  especially  simple  picture  of 
the  scattering  process  in  the  high-frequency  limit. 

All  this  will  be  illustrated  in  the  following  using  the 
example  of  two-dimensional  scattering  from  an  infinite  cylin- 
der. The  exact  solution  for  this  case,  Eq.  (2.2-22)  , may  be 


(2.2-52) 


rewritten  using  the  identity  [ JAHNKE  - 1945] 

3,(8)  - i[Uv(0(?)  v Hvli)(2)]  , 


in  the  form 


- hP'  W/Hnu)/U}]  (f ) 1 C06  n ^ 

n (2.2-53) 

(for  a rxgid  cylinder;  if  the  cylinder  is  soft,  the  primes 

are  absent) , where  p * kr,  x = ka.  Note  that  the  incident 

field  p.  _,  which  in  Eq.  (2.2-  22)  was  represented  by  the 
inc 

term  with  Jn(J) , is  now  partly  contained  in  the  term  with 


H 


n 


(2) 


(p) , and  partly  in  the  remainder. 


The  Watson  transformation  now  consists  in  a reformulation 
of  the  sum  in  Eq.  (2.2-53)  in  terms  of  a contour  integral  in 
the  complex  plane  of  the  index  n which  becomes  a complex 
variable  v.  If  the  contour  C is  chosen  to  encircle  tightly 
the  positive  real  axis  of  the  v-plane  in  the  negative 
sense,  i.e.  +«  - ie...0...+«  + ie  (with  the  principal  value 
(P  at  the  origin,  i.e.  leaving  the  origin  half  inside,  half 
outside  C)  as  shown  in  Figure  2.2-1,  one  may  express  a sum 
3uch  as  contained  in  Eq.  (2.2-  53)  as  follows? 


2.  (1-iS*, ')$(«')  - it  IP  5 (du/s)n  liV  ) e*p i-tvIT J f(v) 

l\-,0 

(2.2-54) 

The  proof  of  Eq.  (2,2-  54)  is  based  on  the  Cauchy  theorem 
which  states  that 

§ F(v) civ  - 2 &s  F (vO , 


(2.2-  55) 


I 


Fig.  2.2-1.  Contour  for  the  Watson  Transformation  in  the 
complex  v -plane. 
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expressing  the  integral  over  a closed  contour  by  the 
residues  of  the  function  F at  its  poles  v = v0.  In 
Eq.  (2.2-54)  , the  poles  of  the  integrand  are  given  by 
the  zoros  of  sin  irv,  i.e.  the  positive  in^eaers  vn  = n; 
the  corresponding  residue  is  found  as  the  factor  of 
1/C  of  the  integrand  if  the  latter  is  expanded  about 
the  integers,  v=n+c  (c  <<  1)  , leading  to  Eq.  (2 v 2-54)  , 
When  applied  to  Eq.  (2.2-53)  , we  obtain 

~ J ft  (dv/ainir>>  ) etp  [~iy rr/a^* 

iKM(P)  /rtw10 '(*)]  cos  y>t 

J (2.2-56) 

Transforming  now  the  contour  C into  another  one  C’  that 
lies  immediately  above  the  entire  real  axis  (-»  + ie... 

...+®  + ie)  , by  setting  v =-v'  on  the  lower  portion  of  C 
<nd  using  the  equations  [JAHNKE  - 1945] 

~ e^p  J W/°(x)  , 

(2.2-57) 


H-v(a)(i)  - e^pl-VTri  ] (x), 


(2.2-58) 


[relations  which  also  hold  for  the  derivatives,  H ^^(x)J, 
we  f ind 

*P+e4-  GMoimrV  ) ejip^-i^Tr/a 


WWHr10!*)']  eos^ 


(2.2-59) 


Next,  we  split  up  the  cosine  by  the  identity 

- JDCp  fivir  J C05V3  (4*^  ) " *L  I tvltr-4  ) 5 «5in7Ty  ^ 

(2.2-60) 
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which  leads  to 


^total  ^geom  + ^creep 


(2.2-61) 


with 


- /a  "P  e*p  f-  ICO  ^ t dp  tip'll  ys  ~ t^r  (?) 

(2,2-  62) 

- a i-  "P  wp  tiuiij  |c  (dv'/sinffo)  [Help  In  V/a}] /nf° '(*) 

Dy(tlp)  C6SV  (.4“’^')  (2,2-63) 

«r‘0,W  Hr;,1(p> 


where 


TX  (x,j>Vm 


IVa,(f) 


(2.2-64) 

We  now  close  the  contour  C'  by  adding  an  infinite  semicircle 
towards  the  upper  half-plane,  noting  that  the  integral 
over  gives  zero  additional  contribution.  To  show  this, 
we  need  the  asymptotic  forms  of  the  Hankel  functions  as 
functions  of  their  complex  index  v.  These  are  given,  e.g., 
by  FRANZ  [1957]  : dividing  the  v-plane  into  four  regions, 

I - IV,  separated  by  the  curves  h±^,  h+2  defined  by 


Cos 

with 


(2.2-65) 


(2.2-66) 

(see  Figure  2.2-2),  one  has  for  |v|  >>  x the  following 
asymptotic  forms  in  these  regions:  e.g., 

i (a/iT 


(2.2-67) 
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corresponding  to  a behavior 

Lhvio)  l-x)  ] 


Q5  y 


(W)^  * evp  f'iTimtJ  J 


(2.2-68) 


so  that  H. 


(2) 


(x)  is  exponentially  small  for  Imv  ■+•+«, 


Furthermore , 


Z X Cx)  ^ N y ' (x)  'V- 
(1) 


so  that  J (x)  and  H 

V y 


[C2i/j r ^)/HrCo)  Cx)  ]J 

(2.2-69) 

(x)  are  exponentially  large  in  region 


I (and  so  are  the  derivatives,  e.g.  J ' (x) , etc.).  Similarly, 


in  II,  II 


(1) 


(x)  is  small  (anc1  the  other  functions  larqe)  ; in 


III,  Jy(x)  is  small  (which  incidentally  makes  Eq.  (2.2-53) 
converge],  and  in  IV,  J_^(x)  is  small. 

Now,  Dy(x,£)  may  be  rewritten  as 


D,U,f)  - 2 


iCvu> 

- 2 

j: r/w 

M?)  I 

3y'  U) 

i-  ty) 

1W  1 
(2. 

t 

where  we  used  Eq.  (2.2-52)  . Further,  we  may  substitute  in 
all  forms  of  Dy  everywhere  \j  -+•  -v,  because  of  Eqs.  (2.2-57)  , 
(2.2-58)  . In  each  region  I - IV,  we  may  thus  choose  that 
form  of  DyWhere  each  term  is  a product  of  a large  with  a 
small  cylinder  function,  and  one  has 

Dv(x,j>)  ^ 1 (a/'OTV)  t(p/x^V-(^/j0)k]  . 2_71) 


In  this  way,  it  is  shown  [FRANZ  - 1957]  that  the  asymptotic 
behavior  of  the  integrand  of  Eq.  (2.2-59)  is  such  that  one 
obtains  zero  when  integrating  over  C . 

oo 


One  may  thus  rewrite 
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p as  an  integral  over  C"  = C'  + C#,  i.e,,  the  entire 
upper  half-plane.  The  same  holds  for  Pgeom  and  Pcreep  , 

Eqs . (2.2-62)  and  (2,2-63)  , when  separated  by  Eq,  (2.2-60). 

We  shall  now  consider  these  latter  expressions  indiv- 
idually. First,  consider  Pcreep5 

’ a l"?  ev-pi-ia'vtj  fdiz/sinfl'i')  ' 'U)J  ' 

■ X>v  U,J>)  cos  v^(4>-tr)  . (2.2_72) 

This  expression  will  be  seen  to  describe  "creeping  waves" 

that  circumnavigate  the  cylinder  circumferentially.  The 

integral  is  taken  over  the  closed  contour  C",  and  may  again 

be  evaluated  by  the  Cauchy  theorem,  in  terms  of  the  residues 

at  the  poles  of  the  integrand  in  the  upper  half-plane.  The 

only  poles  here  are  provided  by  the  zeros  of  the  denominator, 

' (x)  ; these  lie  on  the  lines  h , of  Figure  2.2-2 

±1 

[FRANZ  - 1954] . These  are  best  described  in  terms  of  the 
SchObe  asymptotic  forms**t  for  (x)  , valid  for  x |v|  >>  1: 


VV°00  ~ Ca/iT)  eyphtr /a'H'M'*  A(^) 


(2.2-73) 


where 


exp  l i (c^  — i3 ) j cH 


(2.2-74) 


*Note  this  corresponds  to  x = ka  >>  1,  so  that  at  this  place 
we  now  depart  from  the  exact  expression  for  Pcreepf  and  perform  a 
high  frequency  asymptotic  approximation. 

tEq.  (2.2-73)  also  holds  for  the  derivatives  of  the  functions  on 
both  sides. 
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(Airy  function) , and 


Q - ( 6AjVj  exp  l - 1 ^/3  j (p-x). 

p (2.2-75) 


The  (real)  zeros  of  A(q)  will  be  denoted  by  , and  those  of 
A' (q)  by  q£  where  i = 1,2,...;  they  are  listed  in  Table  2.2-1 
together  with  the  corresponding  values  of  A' (q^)  and  A(q^) . 
The  zeros  of  H ^^(x)  are  thus  given  by 


Vt  * v.  *-C*Jb>)‘lj  cj_t  4 -*•  > 


(2.2-76) 


i.e. 

-z/i 

x 


(2.2-77) 

in  the  form  of  an  asymptotic  expansion  in  powers  of 


Using  the  Cauchy  theorem,  Pcreep  maV  thus  be  written  as 
a residue  series  of  the  poles  along  the  curve  h^  which  is 
enclosed  by  the  contour  C" : 

pc<0*p  * -K  P ' ^*1  1 H^UVCxj]  ‘ 

V*  C45  -IT)  (2.2-78) 

where 


H/’  U)  - ( ^/dV  ) Hy(,)  Lx) 

One  may  now  expand 

_ 

-1-  ~ ~ 2i  eizf  ^Innrrt'vi  J • 

^inTVj_ 

and  if  we  also  split  the  cosine  factor: 


(2.2-  79) 


(2.2-  80) 


COb  X. 


i l exp  lit } 4 jevp  l-it  J)  j 
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?T 


! 


TABLE  2.2-1 


1 

Mq£) 

<3* 

A'(q£: 

1 

1.469 

1.1668 

3.372 

-1.0591 

2 

4.685 

-0.9127 

5.896 

1.2130 

3 

6.952 

0.8286 

7.962 

-1.3067 

4 

8.889 

-0.7796 

9.788 

1.3757 

5 

10.633 

0.7456 

11.457 

-1.4308 

Zeros  of  the  Airy  function  and  its  derivative,  and  correspond 
ing  functional  values. 
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it  is  seen  that 


Pcreep 


contains  a factor 


i 


CV-p  £ l l hiTT ) " CO  t j ^ 


(2.2-82) 


,(2) 


[the  second  term  of  Eq.  (2.2-  81)  would  lead  to  px~'  as 

creep 

a similar  expression  with  -<p  in  place  of  4>],  This  represents 
circumferential  (creeping)  waves  encircling  the  cylinder 
in  both  direction®.  Since  we  have  a steady-state  situation, 
there  appear  terms  containing  m,  representing  the  waves  that 
already  have  encircled  the  cylinder  m times.  The  azimuthal 
propagation  constant  is  given  by  ReV^ , and  the  waves  are 
attenuated*  as  determined  by  Iwi^ • The  creeping  waves  may  be 
written  as 

(i  j)  + 'ohnli  )/  £ I ^ 1 l La.  ^ “ 4'  v ~ ^ J 

(2.2-83) 

and  xn  this  form  depend  on  the  p?)ase  velocity 

-I 


Ct*  - ell  ^ ip  /-2.  (,v>  ( La )"*]  j 


(2.2-84) 


and  the  attenuation  angle 


- 2/C3"*-  Ua/if)*’  . 


(2.2-85) 


Note  this  involves  powers  of'(ka) 


1/3 


characteristic  for 


creeping  waves1".  There  is  an  infinity  of  creeping  waves 
labeled  by  £ = 1,2,.,.;  the  first  one  (£  = 1)  is  least  at- 


*The  attenuation  comes  about  by  the  fact  that  the  creeping  waves 
radiate  off  energy  tangentially  as  they  propagate. 

^Because  of  this  fractional  power,  creeping  waves  cannot  be 
included  in  the  LunebMrg-Kline  solution  discussed  above. 
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tenuated,  and  is  thus  the  most  important  one.  Those  with 
m - 1 (i.e.  corresponding  to  one  or  more  accomplished  cir- 
cumnavigations) are  even  more  attenuated  and  hence  less 
important.  Note  that  q^  = 1.469  is  much  smaller  than 
= 3.372;  hence  even  the  first  creeping  wave  on  a soft 
cylinder  is  quite  strongly  attenuated,  while  that  on  a 
hard  cylinder  is  only  weakly  attenuated. 

Next  we  consider  Pge0m  of  Eq.  (2.2-62)  : 

■pcjK«M  ' 'L~P  biuit]  J)  cW  exp  lev 

H j 1-1  / ClJ(?)  . (2.2-36) 

( 2 ) 

The  contribution  of  the  term  with  H y (p)  in  the  integrand 
of  Eq.  (2.2-62)  was  found  to  give  zero  over  the  closed  path 
C"  since  it  contains  no  singularities.  Incidentally,  the 
separation  of  ptotal  into  pgeom  and  Pcreep  by  using  Eq. 

(2.2-60)  is  dictated  by  the  fact,  as  shown  by  FRANZ  [1957]/  iba h 
the  residue  series  for  Pcreep  in  the  insonified  region* 
(containing  the  back  scattering  direction  which  we  are  interested 
in)  is  convergent,  while  a direct  evaluation  of  Ptotai  of 
Eq.  (2.2-  59)  as  a residue  series  of  circumferential  waves 
would  not  have  been.  (For  an  observer  in  the  shadow  region, 
i.e.  for  forward  scattering  in  the  far  field,  it  would  have 
been  the  other  way  around) . 

Let  us  now  go  to  the  far  field  (p  -*•«),  using  the  (Hankel) 
asymptotic  form  for  Hy^  (_p)  , Eq,  (2.2-19)  . For  Hy^'^(x), 

we  use  the  Debye  asymptotic  form  [FRANZ  - 1957]  valid  for 


*This  is  the  region  around  the  cylinder  which  is  directly  reached 
by  the  incident  wave,  in  contrast  to  the  (geometrical)  shadow  re- 
gion behind  the  cylinder  which  is  not. 
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rt 

t : 

li 

j v j ^ x >>  1 : 

^ iV'^P)  ^(2/lf  X Jinot.f'  (sir)* ^ 

C (2.2-87) 

; . where 

/ v = x cos  a ? (2.2-88) 

' ' One  then  has 

1 My10^  (x)  ~ ± i Coin  °i  -^Cos^)  M v 10 ' C.V ) 

(2.2-89) 

and 

H/^Cx)  vuV(v)  ^ - zv-pl-Qiic  (sin*  -*ec6*)  + Ltr/jj 

/ (2.2-90) 

with  neglect  of  terns  ^ flfi (1/x)  . This  again  means  that  we 
perform  a high-frequency  asymptotic  expansion,  restricting 

r 

i ourselves  to  the  leading  term  of  Paeon. 

Using  the  parameter  a as  an  integration  variable  in 
1 place  of  v,  we  then  find 

pkycrv,  ^ - iPexp  l * tcot*  5 ^xa/rhry*J‘  exp  l ibr  t itr/v  J 

• Jd<*  oin^  exp  l C76*)  j (2 .2-9D 

where 

(q(*)  = Jti  Z (<x  COS  - C>in°^  ~A  4 cx0 

(2.2-92) 

The  integral  in  Eq.  (2,2-91)  is  now  best  evaluated  using 
1 the  saddle  point  method  (or  the  method  of  steepest  descent) 

1 

[SOI1MERFELD  ~ 1949],  A saddle  point,  or  point  of  stationary 
i phase,  is  a point  in  the  a-plane  where  G’ (a)  vanishes*,  and 

\ *In  the  complex  domain,  G(a)  has  neither  a maximum  nor  a minimum 


at  such  a point,  but  represent  . a saddle  between  two  mountains 
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the  main  contribution  to  the  integral  comes  from  its  vicinity, 
since  for  x >>  1 (in  line  v/ith  our  high  frequency  expansion)  , 
the  phase  of  the  integrand  varies  so  rapidly  that  the  contri- 
butions cancel) . The  saddle  point  as  is  found  to  lie  at 

as  = £ 4>,  (2.2-93) 

and  a Taylor  expansion  of  G(«)  about  as  reads 

Q ( pC)  “ 2i*.  sin  a ^ “ a.  ) -1  1 


(2.2-94) 


i ar 


or,  setting 

cx-  = qr-  e 

Q(<a)^  ~Q\m  £l+  t iLir^inZs  t ...J 


(2.2-95) 


(2.2-96) 

The  intearal  will  be  most  accurately  evaluated  if  its  path  is 
shifted  so  that  it  follows  a line  of  steepest  descent  over  the 
saddle.  This  path  is  determined  by  Pe  G(a),  and  Eq.  (2.2-96) 
shows  (taking  4>  > 0 ) that  the  descent  of  the  integrand  is  steep 
est  if  we  choose  y = -tr/4,  IK  being  taken  as  a new  (real)  inte- 
gration variable  in  place  of  «.  The  integral  then  becomes* 

j"  exp  £-1*  u2-^  dv-  - (^/t  ; 

(2.2-97) 

and  we  find  for  the  geometrically  reflected  wave: 

W^"P(a_  €xp  jUtr-aiOl  J2^p  ^ika.  Smii] 

(2.2-98) 

as  the  leading  term  of  a hiah-f requency  series.  Inspection 
shows  that  higher  terms  would  be  obtained  as  successive  integer 


*The  limits  may  be  extended  to  ±“  with  negligible  error,  due  to 
the  rapid  descent  of  the  integrand. 
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powers  of  ka,  and  these  are  also  the  higher-order  con- 
tributions that  would  be  obtained  by  using  the  Luneburc- 
Kline  method. 


That  Pgeom  may  indeed  be  interpreted  as  the  geometric- 
ally reflected  portion  of  the  scattered  field,  can  be  seen 
from  Figure  2.2-3.  For  the  wave  reflected  at  the  point  of 
specular  reflection  S , the  quantity  exp  {-2ik  sin(l/2)|>} 
is  precisely  the  phase  difference  compared  to  tnat  of  the 
plane  incident  wave  that  continues  straight,  wJuck  arises  at 
such  a reflection. 

The  preceding  referred  to  scattering  from  a hard  cylinder. 
For  a soft  cylinder,  the  ratio  of  Eq.  (2.2-90)  without 
primes  would  be  needed,  which  does  not  have  the  minus  sign. 
Accordingly,  the  reflection  amplitude  for  a soft  scatterer 
acquires  a phase  jump  of  ir  over  that  for  a rigid  reflector. 

The  scattering  amplitude  is  determined  by  taking  out 
the  factor 


(P  /fi)  evp  Ultr-ayOj 


(2.2-99) 


from  PqSOm»  so  that  [Cf.  Eq.  (a~66)  ] : 


±(ta  evp  f-Pt-ia.  smib  J 


(2.2-100) 


for  the  rigid  (+)  or  soft  (-)  cylinder.  The  backscattering 
amplitude  needed  by  us  is 


,4*)  = ■£  expl-^lca] 


To  this , we  have  to  add  coherently  the  contribution  of  the 
creeping  wave  scattering  amplitude,  which  may  be  found  from 
Eq.  (2.2-78)  as 
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&t*)  - II  l Lcwo*] 

* jZ-^p  {.Sim'W'  y'n  + ^ 5 


(2.2-102) 


where  we  introduced 


♦+  » ♦,  ■ 2 n - <ji  (2.2-104) 

which  corresponds  to  the  two  creeping  wave  components  that 
are  launched  on  opposite  shadow  boundaries  and  encircle  the 
shadow  side  of  the  cylinder  in  opposite  directions.  For 
backscattering,  one  has  <j»  = = u and  the  two  waves  add 

with  equal  strength: 


2 I, {RT'Wi  V,'w] 

• etp^ac«i-irvi  ‘vitr J . (2.2-105) 

The  target  strength  is  given  by  Eq.  (a~72)  as 
6cy I ~ ohr~  | ^toiv»  CnO  t ^cr^fip  Cir  ) | } 

(2.2-106) 


valid  in  the  high-frequency  limit. 

Figure  2.2-4  shows  (for  the  rigid  cylinder)  as 

a function  of  = ka  [UBERALL  - 1966],  While  the  solid  curve 
represents  the  exact  result  of  Eq.  (2.2-  25)  as  calculated  by 
HICKLING  [1953],  with  a, number  of  terms  contributing  importantly 
to  the  sum  as  indicated  by  encircled  numbers  in  the  figure,  the 
dashed  curve  represents  the  creeping-wave  high-frequency  limit 
result  using  a single  creeping  wave  (l  = 1,  m = 0)  only.  This 
demonstrates  a practically  important  property  of  the  Watson 
transformation:  it  gives  results  that  converge  rapidly  (with 
fewer  terms)  in  the  high-frequency  limit  while  the  exact 
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Fig. 2. 2-4.  Normalized  sonar  c.  s.  of  rigid  cylinder  plotted 
vs.  k H ka.  Solid  curve:  Exact  calculation. 

Dashed  curves:  Creeping  wave  theory  (£  = 1, 

m = 0 only).  Dotted  curve:  Kirchhoff  approxi- 

mation. (Figure  taken  from  UbERALL  [1966].) 
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(Rayleigh-seriec)  method  converges  successively  more  slowly 
in  this  limit. 

It  should  be  noted  that  the  important  interference  wig- 
gles in  Picture  2.2-4  originate  from  the  interference  of  the 
creeping  waves  with  the  geometrically  reflected  wave.  The 
latter  contribution  above  would  just  give  rise,  from  Eq. 
(2,2-101)  , to  the  horizontal  line  o = ira  representing  the 
asymptotic  limit  for  ka  -*•  » (at  least  in  its  leading  term)  , 

The  dotted  line  in  Firrure  2.2-4  represents  the  result 
o*  the  Kirchhoff  approximation,  to  be  discussed  in  Appendix  C 
(together  with  other  approximation  methods  for  sonar  c.  s. 
analysis) . Its  (spurious)  oscillations  arise  from  the  fact, 
as  will  be  discussed  there,  that  this  method  (at  least  when 
it  is  applied  blindly)  substitutes  the  creeping  wave  effects 
by  a spurious  reflection  from  the  shadow  boundary. 


A comparison  of  formulas  or  results  implies  that  sane  measure  of 
comparison  has  been  chosen.  The  measure  which  we  have  chosen  is  the 
backscattering  cross-section,  a,  as  discussed  in  Section  2.1,  and  defined 
in  detail  in  Appendix  A.  In  levels  (1)  and  (2) , we  compute  a for  various 
bodies  and  methods;  in  (31  and  (4)  we  discuss  the  comparative  forms  of  o. 


Preceding  page  blank 
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EXAMPLE  PROBLEMS 


2.3. 2.1  EXAMPLE  PROBLEM  1-  o OF  A RIGID  SPHERE 

2. 3. 2. 1.1  PROBLEM  DESCRIPTION.  We  consider  here  plane  wave  incidence  on  a rigid 


Assume  the  field  is  harmonic  in  time  (exp{-iwt>),  and  is  incident  from  a direction 
(0O,  4>o)  • The  pressure  representation  is  therefore 

pine  = A exp{-i(wt  + kr[cos6ocos0  + sin0osin0cos(<i>  - ^q)])}  (2.3-1) 

We  desire  to  obtain  the  scattered  pressure  field  psca  such  that  ptotal  = p^c  + 
psca.  To  obtain  a,  the  scattered  field  is  required,  and  is  most  conveniently  ex- 
pressed in  the  spherical  coordinate  system,  i.e. 

Psca  = Psca  (r»  0>  40  5 r > a (2.3-2) 

By  inspection,  the  backs<  ottered  field  is  independent  of  ^and  c is  independent  of 
the  aspect  angle  eo.  Hence,  we  can  choose  0Q  = <j)0  = 0 in  Eq.  (2.3-1)  for  the  incident 
field  without  loss  of  generality. 

2. 3. 2. 1.2  THE  EXACT  SOLUTION  for  a can  be  obtained  by  the  method  of  separation  - 
of  - variables  and  is  given  in  [BOWMAN  - 1969.]  as 

aE  = ^|  I (-l)n(2n  + l)a'  | 2 (2.3-3) 

h k2  m=0  n 

where  a^  = j^(ka)/h^^  (ka) ; jn  and  are  the  spherical  Bessel  functions  defined 
in  ABRAMOWITZ  [1964].  o^/ira2  versus  ka  is  plotted  in  Figure  (2.3-la)  where  ag 


has  been  normalized  to  the  physical  cross-section  of  the  sphere. 

2. 3. 2. 1.3  THE  GEOMETRICAL  ACOUSTICS  solution  for  a is  obtained  from  Eq.  (b-30) 

in  the  special  case  of  monostatic  scattering  as  r ->  ».  As  shorn  in  Eq.  (b-31) 
through  Eq.  (b-32) , oq  a f°r  any  hard  convex  body  is 


aGA  = **1*2 


(2.3-4) 


where  R^  and  R are  the  principal  radii  of  curvature  at  the  specula**  point . 

<H 

For  the  sphere,  both  and  R£  equal  the  sphere  radius,  a,  for  any  aspect;  there- 
fore, Oq  a for  the  sphere  is  simply 


sphere  “ na 


(2.3-5) 


That  is,  the  geometrical  acoustics  cross-section  of  the  hard  sphere  is  equal  to 
its  physical  cross-section.  Since  aG  A of  the  sphere  is  independent  of  frequency, 
the  plot  of  oG  a normalized  to  ira^  is  a horizontal  straight  line  with  ordinate 
1.0,  as  shewn  in  Figure  (2.3-lb). 

2. 3. 2. 1.4  THE  KIRCHHOFF  SOLUTION  for  o is  obtained  by  use  of  the  procedure  in 
Appendix  C.  Specifically,  the  result  for  oKIR  is  from  (c-84) • 


°KIR  * *a2  (1  + sin2(ka)/(ka)2  - sin(2ka)/ka} 


(2.3-6) 


Note  that  OjqR  adds  two  correction  terms  to  the  oG  a solution.  Both  correction 
terns  decay  to  zero  for  ka  -*•  «;  hence,  oj(jg  corrects* oq  a at  low  frequencies 
(or  low  a for  a fixed  frequency) . normalized  versus  ka  is  plotted  in  Figure 

(2.3-lc). 

2.3. 2. 1.5  THE  KELLER  SOLUTION  for  a for  the  hard  sphere  is  obtained  from  one  of 
those  special  Keller  problems  known  as  canonical  problems.  That  is,  the  hard 
sphere  problem  is  one  for  which  an  exact  solution  exists,  and  from  which  an  asymr 
totic  form  can  be  obtained,  valid  for  large  ka.  Hence  for  this  problem  we  do  not 
develop  an  approximate  Keller  solution,  but  simply  use  the  existing  asymptotic 

solution.  This  solution  is  obtained  in  LEVY  -[1959]  by  applying  a caustic 

' 

This  "standard”  Kirchhoff  result  contains  spurious  contributions  (see  section 
C.4.1)  and  improved  estimates  are  available. 
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correction  (their  equation  (91)  on  page  187  to  equation  (11)  on  page  201  of  the 
reference) . A more  accurate  form  has  subsequently  been  developed  by  SENIOR  - [1965] . 
A convenient  representation  of  is  [BOWMAN  - 1969] : 

“KEL  - jr  I srefl  * scr.w.  I 2 C2-3'7) 

where  and  Scr  w are  given  in  Table  (2.3-18).  Rarely  are  these  expressions 

used  in  actual  calculations  because  of  their  complexity.  Instead,  approximations 
accurate  to  about  2%  (as  verified  by  term  by  term  comparisons)  are  used.  The 
approximations  are  valid  down  to  ka  = 2 [SENIOR  - 1965] . Thus 

Srefl  = CW2){1  - 3i/2ka  - 5/2  (ka)  2)  exp(-2ika)  (2.3-8) 

and 

scr.w.  = _mka  «xp{iTr/3)  [1  + [(3262^  - 21)exp(iir/3)]/60m2a12} 

{ 1/ (6i [Ai (-82) ]2))exp  (iffka  - irm31exp(-iTl76)  (2.3-9) 

-[7r(013  + 21)exp(i7r/6)]/60mB2  + i"^6  + 63B23  + 343/4) /HOOm3^3} 
where  bx  = 1.018  792  97... 

AiC-Bj)  = 0.545  656  66... 

are  used  t calculate  g^pp  Figure  (2.3-ld)  is  a plot  of  the  percentage  differ- 
ence (a)  between  gppp  and  gp  (i.e.,  (^KEL  " °e)  100/gp)  for  selected  values  of 
ka. 

2. 3. 2. 1.6  DISCUSSION  OF  COMPARATIVE  RESULTS.  The  Keller  solution  is  less  than 
2 % in  error  for  ka  > 4.5,  while  the  geometrical  acoustics  solution  is  within  33.3% 
error  for  ka  > 5.5.  Even  though  the  Kirchhoff  cross-section  is  within  60%  error 
for  ka  > 5.5,  the  period  of  oscillation  as  well  as  its  inability  to  distinguish 
between  different  spheroidal  body  shapes  via  different  cross  sections  (see  discuss- 
ion in  2. 3. 2. 2. 6)  indicates  the  theory  is  not  consistent  with  the  underlying  physics 
of  the  phenomena.  All  three  solutions,  however,  can  be  seen  to  converge  to  the 
geometrical  acoustics  as  ka  increases  without  limit,  and  (relative  to  other  body 
shapes)  all  three  approximate  solutions  compare  to  within  1.0  dB  of  the  exact 
solution  for  ka  > 6.0. 
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KIRCH  HOFF 


.IZED  SONAR  CROSS-SECTION  VS  ka,  RIGID 


2. 3.2.2  EXAMPLE  PROBLEM  2 - a OF  A RIGID  PROLATE  SPHEROID 

2.3. 2. 2.1  PROBLEM  DESCRIPTION.  A plane  wave  is  axially  incident  on  a rigid 
(hard)  prolate  spheroid.  The  ratio  of  the  major -to -minor  axes  (T  * b/a)  of 
the  spheroid  is  10:1.  The  incident  field  is  assumed  to  have  the  harmonic 
time  dependence  exp[-:«/t]  and  be  travelling  in  the  -2  direction. 


The  incident  pressure  can  be  represented 
hnt  - A tyf  f-i  f +u)t)j 


(2.3-12) 


The  total  pressure  field  is  defined  as  the  incident  pressure  plus  the  scattered 
pressure;  i.e. , 

/W  ' + tsc*  j (2.3-13) 

The  required  scattered  pressure  can  be  functionally  expressed  in  the  prolate 
spheroidal  coordinate  system  as 


The  transformation  equations  between  prolate  spheroidal  coordinates  ( p,  ^ ^ ) 

and  Cartesian  coordinates  are 

V T 0/2.)  4 /(^-ijb-  jV  CCi  f (2J.14 

Lj  --  0/i)j/l\r-  S'"  f 

3 * U/i.) d | y 
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where  d is  the  interfocal  distance.  Since  we  are  limiting  ourselves  to  monostatic 
axial  backscattering  with  the  incident  pressure  wave  travelling  in  the  -z  direction 
then  the  field  point  is  at  ^ - +1.  Due  to  symmetry,  we  can  choose  ^ « 0 in  the 
eva1' nation  of  the  scattered  pressure  field  without  loss  of  generality. 

2. 3. 2. 2. 2 THE  EXACT  WAVE  HAKM3NIC  SOLUTION  for  a for  axial  incidence  on  a 
prolate  spheroid  with  major  to  minor  axes  of  ratio  10:1  has  been  evaluated.  The 
complete  analytical  form  of  the  solution  for  exp(iwt)  dependence  can  be  found  in 


SENIOR  [1966;  p.  656]. 

This  solution  for  axial  incidence,  adjusted  to  the  exp(-iwt)  dependence,  is 

" ^ C2"15) 
where  FLAI'MER  [1957]  defines 

Sn(h,  1]  as  the  prolate  spheroidal  angular  wave  function,  Sn(h,  y ) , evaluated 
on  the  +z  axis;  i.e.,  at  ^ * +1; 

Rn'(h,  ^ 0)  as  the  derivative  of  the  radial  wave  function  evaluated  on  the 
spheroidal  surface  f * and 
NJ1  as  the  normalization  factor. 

Normalizing  [ a£]  to  the  geometrical  acoustics  solution  [ oG  ^ ] from  Eq.  (2.3-21) 
results  in  ^ <?*■///) 

ji  (4^?rv  (-o' 

A/n  (2.3-16) 
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(t,  s o) 
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where  is  the  surface  radial  coordinate  and  h is  the  wave  radius;  and 


h - kd/2  . 


(2.3-17) 


Computer  evaluation  of  this  equation  was  performed  for  increments  of  the  product 
h£0  of  0.125  up  to  50.  This  product,  h1j0,  can  be  shown  to  be  equal  to  the  wave- 
number  times  the  semi-major  axis;  i.e.,  kb.  Subroutines  developed  at  the  Naval 
Research  Laboratory,  as  described  by  VAN  BUREN  [1972] , were  used  to  evaluate  the 
prolate  spheroidal  wave  functions. 

2.3. 2.2.3  THE  GEOMETRICAL  ACOUSTICS  SOLUTION  for  c is  obtained  from  Eq.(b~31) 
for  the  case  of  monostatic  axial  backscattering  from  a hard  spheroid  (fij*  1)  as 
r . As  shown  in  Appendix  B.2,  a G ^ for  any  convex  hard  body  is 

r ^ (2.3-18) 

where  and  R2  are  the  principal  radii  of  curvature  at  the  specular  point.  For 
axial  incidence  on  the  prolate  spheroid,  - R2,  and  from  Eq.  (b-41) in  Appendix  B 
with  Q • - 0,  we  obtain  (replacing  c with  b) 

^A  z (2.3-19) 

As  with  the  sphere,  [ oG  ^ ] is  independent  of  frequency.  The  projected  cross- 
sectional  area  of  the  spheroid  in  the  (x,  y)  plane  is  A * T a2  and  the  ratio  of 
major-to-minor  axes  is  T ■ b/a.  In  terms  of  these  quantities, 

A/-T*  . 


This  means  that  for  a fixed  ratio,  T,  the  quantity  [0  q ^ ] is  directly  proportional 
to  the  projected  area,  A,  of  the  spheroid.  oq  A can  be  expressed  in  the  coordin- 
ates of  the  prolate  spheroidal  system  by  noting  [FLAMER  - 1957;  p.  6]  that 


(2. 3- 20a) 


and 


(2.3-20b) 


therefore  since 
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and  using  Eq.  (2.3-20a),  we  have: 


(2.3-21) 


“ 17 

2. 3. 2. 2. 4 THE  KIRCKHOFF  SOLUTION  for  a for  axial  incidence  on  a prolate  spheroid 

is  from  Eq.  (c-143) 


U 


^ < (kb)'1 

Normalizing  to  [ e g A 1 we  obtain 

, a-.,.  . <->^(01  * /n  (2.  <4  4 ^ 


(2.3-22) 
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It  is  interesting  to  note  that  for  any  ratio  of  the  major -to -minor  axes  of  the 
spheroid,  this  normalized  Kirchhoff  result  is  identical  to  that  of  a sphere  of 
radius  b*.  Figure  Gh  3 -4) displays  the  numerical  results  of  Eq.  (2.3-23)  up  to  h £( 
* kb  » 50. 


(2.3-23) 


2. 3. 2. 2. 5 THE  KELLER  SOLUTION  for  a of  a prolate  spheroid  is  given  in  a conven- 
ient form  by  BCWMAN  [1969;  p.  457].  The  expression  for  the  normalized  backscatter- 
ing  cross-section  can  be  put  in  the  form 


/ * («  ■*•>*>  fa}) 

C*  A* 

where 

^U.SA)y'  %,*i 

ctl-ny,  €*>(*,)]'■ 


(2.3-24) 


(2.3-25) 


* A similar  phenomena  occurs  for  the  geometrical  acoustics  solution  for  a for 
edge-on  incidence  on  an  oblate  spheroid  (See  Table  (2.3-12).  Here  an  ^ “if  a2 
is  not  normalized,  but  is  independent  of  the  ratio  of  the  major-to-minor  axes 
of  the  spheroid. 
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(2.3-26) 


and  — 

/*  = <T‘  * 2i&  ' 2/1  / ^ V (2.3-26) 

y - /;  V/  r2  £ 4F^  2/y  ■' —4. 
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The  backscattered  field  which  is  used  to  calculate  oj^l  was  originally  obtained 
by  LEW  [1960] . 

2. 3. 2. 2. 6 NUMERICAL  RESULTS  AND  DISCUSSION.  For  a fixed  ratio  of  major -to -minor 
axes  of  10:1,  Figure(2. 3-3) displays  the  exact  solution  for  o as  expressed  by 
Eq.  (2.3-16).  From  the  curve  it  can  be  seen  that  oscillations  are  very  pronounced 
even  at  h = 50.  The  curve  does  not  even  seem  to  be  approaching  the  geome- 
trical acoustic  solution.  Figure  (2.3-4)  displays  the  Kirchhoff  solution 
as  a function  of  h £0.  This  normalized  Kirchhoff  solution  for  the  prolate  spheroid 
is  equivalent  to  that  of  a sphere  of  radius  b with  kb  ■ h|  D,  and  as  noted  previous- 
ly, is  independent  of  the  magnitude  of  the  minor  axis.  Figure  (2.3-5)  displays  the 
normalized  Keller  solution.,  and  the  scale  of  the  ordinate  a /°  g A not 
error.  For  comparison  of  the  results  displayed  in  Figures  (2.3-3)through  @.3-5), 
target  strength  for  the  three  normalized  solutions  of  a can  be  calculated  using 
the  definition  [see  Eq.  (2.1-5)]-  T S =10  log  (a)  - 10  log  4tt,  The 

quantity  10  log  ( o/  oq  a ) is  plotted  in  Figure  (@.3-6) for  the  three  normalized 
solutions. 

As  can  be  seen  in  comparing  the  three  figures,  the  differences  among  than  are 
very  striking.  Tremendous  errors  are  obtained  in  applications  of  this  Keller  solu- 
tion to  thin  spheroids  in  this  range  of  h|Q.  It  has  been  established  by  CRISPIN 
[1963]  that  the  Keller  solution  will  be  within  201  of  the  geometrical  acoustics 
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solution  for  the  10:1  spheroid  when  hlQ  * 57S.  This  is  far  above  the  highest 
value  of  h | Q displayed  here.  Crispin's  analogous  condition  for  the  2:1  spheroid 
occurs  when  h?Q  > 33.  This  has  been  verified  as  can  be  seal  in  Figure (\ 3-7 ) . 

The  Kirchhoff  solution  for  the  prolate  spheroid  reflects  none  of  the  deep 
minima  present  in  the  exact  solution  wherein  the  strong  periodicity  is  due  to 
creeping  waves  over  the  spheroid  [SENIOR  - 1966] . Although  the  magnitude  of  the 
Keller  solution  is  very  much  in  error,  it  should  be  noted  that  the  periodicity  of 
this  solution  is  in  close  agreement  with  the  exact  solution.  This  agreement  means 
that  (in  some  sense)  the  Keller  assumptions  have  accounted  for  the  creeping  wave 
phenomenon. 

Generally  it  can  be  concluded  that  the  geometrical  acoustics,  Kirchhoff,  and 
Keller  methods  of  determining  a for  thin  prolate  spheroids,  whose  dimensions  approx- 
imate those  of  a submarine,  come  nowhere  near  representing  the  exact  solution  below 
the  optics  region.  It  sliould  be  noted,  however,  that  what  we  call  in  this  paper 
the  geometrical  acoustics,  Kirchhoff,  and  Keller  solutions,  are  in  fact  only  first 
order  approximations.  The  Luneburg- Kline  method  [KLINE  - 1951]  extends  geometrical 
acoustics;  the  Physical  Theory  of  Diffraction  [UFIMTSEV  - 1962]  extends  the  Kirchhoff 
method,  and  the  complete  Keller  theory  includes  higher  order  correction  terms 
[VOLTMER  - 1970]  which  have  not  been  included  in  Eq.  (2.3-24).  Certainly  these  ex- 
tensions or  additions  of  higher  order  correction  terms  will  add  complexity  to  the 
numerical  evaluations — but  as  is  plain  to  see,  unless  they  are  used,  no  reasonable 
approximation  to  the  exact  solutions  will  be  obtained.  The  numerical  comparisons 
made  in  this  example  problem  merely  highlight  the  inadequacy  of  the  first  order 
theories  for  the  thin  spheroid. 
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Ifcl  PROLATE  SPHEROID 
FIGURE  2J3-6 


^WWOUIE  SPHEROID 

KEU.ER  SOLUTION 


2. 3. 2. 3 EXAMPLE  PROBLEM  3 - a OF  A RIGID  FINITE  CYLINDER 


2. 3. 2. 3.1  PROBLEM  DESCRIPTION 


As  an  example  in  which  edge  diffraction  dominates,  we  now  consider  the  backscatter- 
ing  of  a plane  wave  from  a finite  rigid  cylinder.  For  the  cylindrical  geometry 
above,  and  for  a field  incident  at  arbitrary  aspect  & , with  harmonic  time  depend- 
ence (exp^-ifcJtj1) , there  is  <p  symmetry.  Hence,  no  ^dependence  exists.  The  in- 
cident pressure  can  be  represented  as 

-A  4Xf>f-i6*t+  A’  r )]  . 

Since  no  exact  solution  is  known  for  this  problem,  and  because  the  geometrical 
acoustics  solution  for  it  is  either  trivial  (zero)  or  meaningless  (infinite  at 
beam  and  axial  aspects) , we  are  interested  only  in  the  Kirchhoff  and  Keller  solu- 
tions. 

2. 3. 2. 3. 2 THE  KIRCHHOFF  SOLUTION  for  c computed  from  Eq.  (c-118)  is 


rC'lK 


V n ( tx)7"  / 5 / 

^ cos  9 J-xp  [-  L ikt  cos  G\ 

2L 

J?  2-iRa-«jL^0) 


(2.3-28) 
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n 


where  is  a cylindrical  Bessel  function 
is  a spherical  Bessel  function 

J($)  2 cos  £ exp^-i^  cos  ^dfr 

'-4 

The  first  tern  of  S above  is  due  to  scattering  from  the  ensonified  end  cap  (disc) 
while  the  second  term  is  due  to  the  cylindrical  surface.  The  evaluation  of  J(J|) 
using  the  "stationary  phase  method",  coupled  with  a high  frequency  expansion 
(see  Appendix  C-5.2)  results  in 

J ^5)  s'  J jj  - — +-  •*  • ] ' 

S ^ 

2. 3. 2. 3. 3 THE  KELLER  SOLUTION  for  ° computed  from  Eq.  (d-28)  is 

G — r 7rgc-2:  / 4 r A I * C2.3-29) 

2Trk^&/  £,^^1 

where 


(2.3-29) 


£ t r ay=  ^ 2(4  s/*  (9  / 2 cos  ^ (2.3-30) 

3 * i z * ^ ^ s'*  & ~ &)  - y 

2)/  : - 2/3  -f  ^ ■ cas  % &]'1 

L>2  - - * [-  ^ - cos  J ' 

DZ  '%  + [-  '/z-  c0%  ViC-fT  4 6)]'*  . 

Each  of  the  contributions  (i  - 1,  2,  3)  in  Eq.  (2.3-29)  is  due  to  scattering  from 
one  of  three  edges  ensonified  by  the  incident  plane  wave.  The  three  contritutions 
are  added  in  phase  to  obtain  the  total  field. 
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2. 3. 2. 3. 4 DISCUSSION  OF  RESULTS.  Since  no  exact  solution  is  known  for  this  prob- 


lem, we  will  use  experimental  results  as  our  norm.  The  only  such  results  available 

are  those  of  DUNSINGER  [1970]  who  performed  the  experiment  for  two  different  length 
to  radius  ratios  (Jt  /a) . 

Figure  (2.3-8)  shows  the  Kirchhoff  and  Keller  backscattering  cross-sections 
computed  from  Eq.  (2.3-28)  and  Eq.  (2.3-29)  for  ka  • 10  and  4/a  * 1 (there  are 
no  experimental  results  for  these  values).  We  note  that  the  two  results  agree  near 
axial  and  broadside  incidence,  but  there  are  large  discrepancies  in  mid-aspect 
range  (near  Q ■ 4£°) , where  the  peak-to-peak  difference  is  about  20  dB  and  the 
peak- to- trough  difference  about  40  dB. 

It  is  difficult  to  compare  these  curves  because  of  their  highly  oscillatory 
character.  However,  the  comparison  of  these  two  methods  can  be  simplified  as 
follows.  Terms  in  both  the  Kirchhoff  and  Keller  solutions  can  be  identified  with 
the  three  ensonified  edges  of  the  cylinder.  We  can  define  a cross-section  for  each 
edge.  The  backscattering  cross-section  is  then  a weighted  sum  of  the  edge  cross- 
sections  and  its  jagged  character  is  a result  of  the  oscillatory  exponential 
weighting  functions.  Plots  of  the  edge  cross-sections  are  smooth  curves.  These 
quantities  can  be  determined  experimentally  by  means  of  a pulse  technique  [DUNSINGER- 
1970]. 

In  Figure  (2.3-9)  we  plot  functions  g^  « /PW7 k associated  with  the  cross- 
sections  of  the  three  ensonified  edges.  The  Kirchhoff  formulas  for  these 
functions  are  given  by  DUNSINGER  [1970] . The  Keller  formulas  are  obtained  from 

Gr{  ' / '£<*  / >L  * 2 / 

where  Dj_  is  given  by  Eq.  (2.3-30).  The  results,  which  are  shown  together  with 
Dunsinger’s  experimental  points,are  for  ka  = 253,  i/a  « 3.04;and  are  given  rela- 
tive to  a standard  target  (a  2 cm.  diameter  solid  aluminum  sphere). 
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The  Keller  and  Kirchhoff  curves  differ  most  significantly  from  comers  1 and 
3 in  mid-aspect  range.  Comparison  with  the  experimental  points  is  indecisive  and 
our  strongest  conclusion  is  the  need  for  further  experimental  work,  preferably  at 
lower  frequencies,  with  special  attention  to  aspects  at  which  the  Keller  and  Kirch- 
hoff results  differ  significantly.  A similar  comparison  has  been  made  with  Dun- 
siger's  other  set  of  experimental  data  with  the  same  conclusion. 

In  Figure  (2.3-10)  we  plot  - c /a  vs.  ka  for  axial  incidence  using  Eq. 

KEL  KIR 

(d-40)  for  , which  includes  the  effect  of  double  diffraction.  We  see  that 

the  two  methods  differ  significantly  only  at  very  low  ka.  This  is  reasonable.  The 
Kirchhoff  method  neglects  multiple  scattering,  which  should  be  least  important  at 
normal  incidence  and  most  important  near  grazing  incidence. 
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2.3.3  TABLES  OF  COMPARATIVE  FOKMJLAS.  Tables  (2.3-1)  through  (2.3-18)  represent  an 
extensive  compilation  of  comparative  analytic  solutions  for  the  three-dimensional, 
back -scattering  cross-section  for  acoustically  hard  simple  shapes.  The  identifier 
"simple"  is  meaningful  in  two  senses:  in  the  geometric  sense,  the  shapes  are  charac- 
terized by  rather  simple  geometry;  in  the  field  analytic  sense,  many  of  the  shapes 
conform  to  surfaces  for  which  the  wave  equation  is  separable.  These  tables  consti- 
tute the  second  level  of  our  synthesis  and  offer  the  reader  the  opportunity  to  make 
detailed  comparisons  between  the  predictions  of  the  various  theories.  Example  com- 
parisons for  the  sphere,  spheroid,  and  finite  cylinder,  presented  previously,  are 
illustrative  of  the  use  to  which  these  tables  can  be  put. 

Backscattering  cross-section,  as  defined  in  Eq.  (a-57)  is  proportional  to  the 
ratio  of  scattered  to  incident  energy  where  source  and  receiver  are  coincident  and 
located  in  the  far  field.  It  is  implicit,  therefore,  that  all  of  the  formulas  in 
these  tables  are  applicable  only  for  dimensions,  frequencies,  and  ranges  satisfying 
the  conditions  kr>>l  and  r>9?/\  where  k is  the  wave  number,  r is  the  distance  be- 
tween the  sonar  and  the  target,  and  1 is  the  maximum  dimension  of  the  target. 

Where  possible,  the  scattering  formulas  have  been  recorded  for  arbitrary  angles 
of  incidence.  By  arbitrary  incidence  is  meant  a wave  impingent  upon  a scattering 
surface  from  any  direction  (6,<J>).  In  many  cases,  formulas  have  not  yet  been  de- 
veloped for  arbitrary  angles  of  incidence,  but  do  exist  for  specific  angles. 

Three  methods  which  approximate  the  exact  solution  of  scattering  from  simple 
shapes  have  been  selected  for  study  and  ccmparision;  specifically,  geometrical 
acoustics  (G  A ],  Kirchhoff  theory,  and  Keller  theory.  These  methods  are  discussed 
in  depth  in  Appendices  B,  C,  and  D,  respectively.  The  method  of  geometrical  a- 
coustics  is  a frequency -independent  first-order  approximation  to  the  exact  solution, 
whereas  both  the  Kirchhoff  and  Keller  methods  have  frequency  dependent  correction 
terms.  All  three  methods  afford  high  frequency  approximate  solutions  to  the  wave 
equation  which  require  that  ka>>l  where  "a"  is  a characteristic  dimension  of  the 


scatterer.  In  general,  the  ka  constraint  on  geometrical  acoustics  is  greater  than  on 
Kirchhoff  or  Keller;  that  is. 


Wc  A > ^KXR  ,KEL  ’ 1 


In  an  effort  to  facilitate  comparison  where  possible,  the  formulas  have  been  normal- 
ized to  the  geometrical  acoustics  cross-section,  ^ Exact  analytical  solutions  are 
shown  in  each  table  whenever  they  exist.  If  they  do  not,  then  experimental  results 
are  referenced  (if  available) . 

These  tables  are  similar,  in  some  respects,  to  those  in  URICK  [1967],  MAJOR  [1946] 
and  FESSENDEN  [1972].  However,  we  have  sought  to  present  comparative  results  and  to 
emphasize  the  uncertainty  which  exists.  Blank  entries  in  the  tables  are  very  inform- 
ative since  they  indicate  that  results  are  not  now  available,  or  that  the  method 


fails  (as  noted  under  comments).  Furthermore,  one  should  not  assume  that  relative 
complexity  implies  a more  accurate  prediction,  since  in  certain  situations  (e.g.,  see 


section  2. 3. 2. 2)  this  is  not  so.  The  tables  are  ordered  alphabetically  by  body  type 
and  included  are: 


TABLE  2.3-1 
-2 
-3 
-4 
-5 
-6 
-7 
-8 
-9 
-10 
-11 
-12 
-13 
-14 
-IS 
-16 
-17 
-18 


Finite  circular  cone,  axial  incidence 
Semi -infinite  circular  cone,  axial  incidence 
Finite  circular  cylinder,  arbitrary  incidence 
" " ",  axial  incidence 

" " " , beam  incidence 

Ellipsoid,  arbitrary  incidence 
Circular  ogive,  arbitrary  incidence 
" ",  axial  incidence 

Circular  flat  plate,  arbitrary  incidence 
" " " , axial  incidence 

Rectangular  flat  plate,  arbitrary  incidence 
Oblate  spheroid,  arbitrary  incidence 
Oblate  spheroid,  axial  incidence 
" " , edge -on  incidence 

Prolate  spheroid,  arbitrary  incidence 
" " , axial  incidence 

" " , beam  incidence 

Sphere,  arbitrary  incidence 
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METHOD 


Geometrical 

Acoustics 


Kirchhoff 


Keller 
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Table  2.3-1.  Backscattering  Cross-Section 


BACKS CATTERING  CROSS -SECTION,  a 


c = 0 


o = 


a = 
and 

A = 


bL  | tan2a  [1  + C2ikh.  - l)exp(2ikh)]  | 2 
7T  4 


a1  | 1 + Ae^  | 2 where  = 

sin2(7r/n)sin(2Tr/n) 

2n(irkR)  1/2sin2  C5tT/4n)sin2  (Tt/4n) 


{tt3R2/I3h/2  + a]2} 

Csc2I41T2/C3Tr  + 2a)  ] 


B = 2kR  - tt/4; 


n = 3/2  + a/iT 


Of  A Finite  Circular  Cone 


Nose-Qn  Axial  Incidence 


REFER  TO 
Appendix  B.3 

[RUCK  ••  1970;  Vol. 
[CRISPIN  - 1968;  p. 


! orators 

j 

I 


1,  p.  397]  First  term  is  tip  contribution; 

second  is  edge  singularity  contri- 
bution. 


100] 


No  exact  solution  exists  for  fiat- 
based  cone  problem;  however,  a num 
erical  solution  to  the  capped  cone 
i problem  has  been  developed  [PUCK  - 
1970;  Vol.  1,  p.  391]. 


Table  2.3-2.  Backscattering  Cross -Section  Of  A 
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METHOD 

Geometrical 

Acoustics 


BACKSCATTERING  CROSS -SECTION,  a 


cr  « 0 


Kirchhoff  ! 


X 4 

a * — ~ tan  a 

16tf 
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m 
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Keller 


t 


"Air 


Ex.act 


Restricted  cone  angles 
a ' ^/2  °WIDE 


a = 0 


16ir(a  - 2L)4 
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,2  4 
X a 


“THIN  - -JJJ- 
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Semi- Infinite  Circular  Cone 


Nose-Cfi  Incidence,  a<  90° 


REFER  TO 
Appendix  B.3 


COMMENTS 


Appendix  C-4.S 


Appendix  D.2  Same  as  Exact  Solution.  This  is  a 

’’canonical  problem”  in  the  Keller 
method. 


[FELSEN  - 1955;  p.  145]  These  are  first  order  approximations 

obtained  from  an  exact  solution.  There 
[SIEGEL  et  al.  - 1955;  is  first  order  agreement  with  the  Kirch - 
p.  312]  hoff  result  for  wide  angle  cones  but 

there  is  a discrepancy  of  a factor  of 
[BOWMAN  - 1969;  p.  658]  four  for  thin  angle  cones.  There  are 

some  confusing  misprints  in  the  litera- 
ture. In  Felsen’s  eo.  2.28,  64^2  should 
be  replaced  by  16-rr . In  Bowman's  eq. 
18.124,  (it  - 0-,)2  should  be  replaced  bv 
(tt  - 02)4. 
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METHOD 


Geometrical 


Kirchhoff 


Keller 


Table  2.3-3.  Backscattering  Cross-Section  of 


BACKSCATTERING  CROSS-SECTION,  a 


a ■ 0 


a - 4tt (ka)  \S\* 

S » a cos-  9 Jj(2ka  sin  9)  exp(-2ik£cos6) 
2 ka  sin  6 


where 


«5/f7 


+ £ /-S-Hl  j0(2kx,cose)  J(2ka  sine) 
, it  ka 
tt/2 


cose  exp(-ix  cose)  do  “ [1 


Sx 

exp{  - ix-ir/4) 


■ 

3k  sin  e 


X EiDi 

i=l 


where 


E^  = exp{2ik(-a  sinO+£cose)+TTi/4} 

E2  * exp{2ik(-a  sir  -<lcose)+TTi/4}  D2 
E?  = exp{2ik(  a sin  -S.cose)-id/4}  D_ 


-2/3  + [-1/2 


-2/3  + [-1/2 


-2/3  + [-1/2 


■n  . vv* 


’ yAtv.'V  VX''  : 


S'*  ■ 


A Finite  Circular  Cylinder 


Arbitraiy  Incidence,  0 < 6 < 90° 
and  0 < 0 < 180° 


REFER  TO 
Appendix  B.3 


COMMENTS 


Appendix  C- 4.4,  4.5  Takes  into  account  the  phase  contri- 
butions of  the  ends  of  the  cylinder 
and  for  e + V2  reduces  to  Hq.  22  in 
{CRISPIN  - 1968;  p.  186]. 


J(2kasin6)  evaluated  using  method  of 
stationary  pliase  and  asymptotic  series 
(see  Appendix  C-5.2). 


Appendix  D.3 


Single  diffraction  accounted  for  only. 


2/3(29) ] '1 
2/3(tt+20)]  _1 
4/3(tt/2-0)]  _1 


Not  presently  known. 
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Of  A Finite  Cylinder 


Axial  Incidence 


REFER  TO 
Appendix  B.3 


COMMENTS 
^tethod  fails. 


Appendix  C-4.2 


Appears  as  a disc. 


Appendix  D.3 


Double  diffraction  accounted  for. 


Not  presently  know. 
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Table  2.3-5.  Backscattering  Cross-Section 
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- ;\  e = 90° 

' V \ 


i 

METHOD  | 

BACKS CATTEPING  CROSS-SECTION,  a 

Geometi leal 
Acoustics 

: 

. ; 

Kirchhoff 

1 

| 

c a 2n 

X 

! 

Keller 

2fr£^a 
0 - , 

I 

I 

Exact  I 


W/ 


5 


Of  A Circular  Cylinder 


Beam  Incidence 


REFER  TO 


• Appendix  B.3 


comments 


Method  fails. 


Appendix  C.4-4 


Appendix  D.3 


Result  based  on  singly  diffracted  ] 
rays  only.  ] 


Not  presently  known. 
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Table  2.3-6.  Backscattering  Cross-Section 


CQ.O.c] 


Ca.O.Oj 


* 

/ 1 1 


Y 

/CO.b.O) 


BACKSCATTERING  CROSS-SECTION,  o 


Geometrical 

Acoustics 


ua2b2c2 

( a2  s in2  0 cos  2<j>  +b  2 sin2  e s in2  $ +c2 cos  2 6 ) 2 


Tra2b2  ,, 

a = r~  (.i  - 

cc 


;in(2kc)  ^ sin2(kc), 

' r - ▼ ' ~ -WT’ 


(note;  e ■ 0,  180°  only) 
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%*&**•’  rtfc 


Of  An  Ellipsoid 


Spherical  Coordinate  System: 
X = r sin  6 cos  <J> 

Y = r sin  6 sin  <j> 

Z = r cos  8 


REFER  TO 
Appendix  B.3 


[RUDGERS  - 1965;  p.  10] 


Arbitrary  Incidence 


1 


COMMENTS 


Method  applicable  but  has  not 
! yet  been  developed  for  other 
! than  6 - 0°,  180°. 


Method  applicable  but  has  not  yet 
been  developed  [except  for  the 
prolate  spheroid  at  axial  incidence; 
see  Table  2.3-16] . 


Separation  of  variables  method 
applicable  but  has  not  yet  been 
developed  [RUCK  - 1970;  Vol.  1, 
p.  341]. 
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Table  2.3-7  Backscattering  Cross-Section 


METHOD 

4- 

Geometrical 
Acoustics  ! 


Kirchhoff 


BACKSCATTERING  CROSS-SECTION,  o 


cr(0)  = 0;  0 < 6 < 90°  - a 

Ri2sin2a 
a(90°  - a)  = 37- 


4iTtan2  (— ) 
2 


6 ■ 90°-  a only. 


o(0)  - itR12C1  - Rl-~.,„a)  ; C90°-a)  < 0 < 90c 
1 RjsinO 


o(e)  ■ 


x2tan4a 


16rfcos^0(l-tan^atan^0)^ 


> 1/2  1/2 
with  (JL- ) < a < i - (-*— ) 


4-frRi 


^ 4ttRi 


I 

I 


; 


and  0°  < © ^ (90°  - a) 


Of  A Circular  Ogive 


Arbitrary  Incidence,  Q < 9 5 90° 


Relationships: 

1 a 
cos  a * 1 - — 

R1 

L/2  - [R12  - CRl  * a)2] 1/2 

Using  cylindrical  coordinates  (W,  6 , Z) , the  equation  of  the  surface  is 
(W+R^-a)^  + Z2»  R^2  where  |Z|  < L/2,  0 < W < a 

= the  radius  of  curvature  in  the  X-Z  plane 
L = 2b 


REFER  TO 

Appendix  B.2 
[CRISPIN  - 1968;  p.  93] 


COMMENTS  ij 


The  required  tangent  plane  does  not  exist 
for  0 < e < 90°  - a. 


[CRISPIN  - 1968;  p.  93] 


Excellent  agreement  with  experiment 
[CRISPIN  - 1968;  p.  95]. 


1 

I 

I 


[CRISPIN  - 1968;  p.  93] 


Stationary  phase  solution:  for  quanti- 
tative results  on  tip 
scattering  as  a function  of  aspect  and 
see  "[CRISPIN  - 1968;  r>p.  97-98]. 


Metliod  applicable  but  has  not  been 
developed. 


a 


Solution  not  presently  known. 


2.3-38 


Table  2.3-8  Backscattering  Cross-Section 


4 A A. 
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METHOD 


Geometrical 

Acoustics 


Kirchhoff 


Keller 


Exact 


BACKS CATTERING  CRaSS-SECTIQN,  cr 


crCO0)  = X^tan^a  [i  + 2cos2gcos21cb  + cos^g  j 
16tt  1 + cosg  (1  + cosg)2 

2 4.3 

<,(0°)  - — {1  + sin[2»(.  - 1.25)]) 

2 x 1010  ”Ein2“ 


Fat  Ogive: 


«Cn  < »Ri2  [C-j4-)1/2  cotC-jV)172]4 

4ttR2  4-rrR^ 


Thin  Ogive 
o(9) 


4 hi  where  f Co)  = [ — !_]  sin 


[-1  + CinC2kb)]2  4"  ' ' ‘(1  - cose) 

about  9 near  0° 

and  where  Cin(x)  ■ modified  cosine  integral  of  argument  x. 


<R 


' '?>! 
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•i; 
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, iw; 
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■ft; 


Of  A Circular  Ogive 


Axial  Incidence,  6=0° 


Relationships 


a 


L/2  = [R22  - (Rj  - a)2]V2 

Using  cylindrical  coordinates  (W,  e , 1) , the  equation  of  the  surface  is 
CW  + Rx  - a)2  + Z2  = Rx2  where  |Z|  < L/2,  0 < W < a 

R^  = the  rauius  of  curvature  in  the  X-Z  plane 
L « 2b 


: REFER  TO  COMMENTS 

Appendix  B.3 

I 

i 

! [PUCK  > 1970;  p,  370]  ! Pxact  solution  of  Kirclihoff  integral. 


[RUCK  * 1970;  p.  373]  Empirical  solution  based  on  a = 20°, 

37.5°,  60°. 


[CRISPIN  - 1908;  p.  94]  °max  “ "Ri2;  as  a -*•  90°  f body  takes  on 

i shape  of  sphere. 


(1  - cosd)  1 [CRISPIN  - 1968;  p.  94]  Ouantitative  results  (theoretical)  j 

1 [CRISPIN  - 1968;  p.  95]. 

I ! i 

1 


To  first  order  Keller  solution  is  the 
I same  as  exact  solution  for  nose-on  inci- 
I dence  on  infinite  cone  with  cone  angle  2a. 

Appendix  D.2  Not  presently  known. 
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METHOD 


Geometrical 

Acoustics 


Kirdihoff 


Keller 


Exact 


Table  2.3-9.  Backscattering  Of  A 

Z 


^ * > Y 


BACKS CATTERING  CROSS  SECTION,  o 


' 2 
j a a .HL-  [J].(2kasine)]2 

) tanzG 

♦ 

i 

0 a 2a^{l-cos^(2kasiTe-ir/4)cos2e} 
kas in3e 


4tt 

k2 


S ' 


where 


2i  y J_  R ' (-ika,iO) 
n-o1^  dC^)  1 (-ika,i 


in) 


SonC-ika.-cosCe))* 


-^(-ika.cose) 

(1)  <3) 

mn^ ' ^mn  are  sP&oroidal  wave  functions,  is  the  normaliz- 
ation constant  for  the  spheroidal  functions , e0  - 1 , - 2 

for  m M [ABRAMDWITZ  - 1964] . 
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Circular  Flat  Plate  (Disc) 


Arbitrary  Incidence,  0 < e * 90° 


REFHR  TO 


i 

i 


COMMENTS 


i Appendix  13.3 


I 

I 

I 

I 


I 

Appendix  C-4.4 


i 


' [KELLER  - 1960] 


Result  based  on  singly  diffracted 
rays  only.  Adapted  from  Eq.  19  by 
setting  wedge  angle  eoual  to  zero 
(n  “ 2). 


[BOWMAN  - 1969,  p.  545]  Special  case  of  oblate  spheroid 

with  surface  0. 
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METHOD 

Geometrical 

Acoustics 

Kirchhoff 

Keller 


Exact 


Table  2.3-10.  Backscattering  of  A 


EACKSCATTERING  CROSS- SECTION,  a 


a - 


A « ,a2 


a ■ Tra2(ka)2  | 1 exp(2ika+iTr/4)  | 


a - 


S 


2 


where 

S 


1 

n*0 


Cl) ' 

1_  Rpn  Gika,  0) 
°n  Ronr('ika’  0) 


S0n (-ika, -1)  ^on  (-ika,l) 


snui  are  spheroidal  wave  functions , is  the  nor- 
malization constant  for  the  spheroidal  functions  e0  = 1, 
Ejh  * 2 for  m i 0 [ABRAMOWITZ  - 1964] . 
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Circular  Flat  Plate  (Disc) 


Axial  Incidence 


REFER  TO 
Appendix  B . 3 

[CRISPIN  ••  1968;  r 
[KELLER  - 1960] 


COMMENT’S 

< Method  fails . 

t 

l 

l 

1 

Result  similar  to  return  from  two  inde- 
, 121]  . pendent  scnttcrers  with  the  magnitude 

of  each  given  by  aX/8iTsin0tan2o  [CRISPIN 
1968 ; p.  122]. 


Result  based  on  singly  mid  doubly  dif- 
fracted rays.  Adapted  from  Eos.  14  and 
27  by  setting  wedge  angle  equal  to  zero 
(n  - 2)  from  [KELLER  - 1960] . 


I 

I 


1 [BOWMAN  - 1969;  p.  546] 


Special  case  of  oblate  spheroid,  i.e.  , 


METHOD 


BACKSCATTERING  GROSS -SECTION,  a 


Geometrical 
Acoustics  1 


a = 0 ; 0 < 8 < 90® 


4>  arbitrary 


Kirchhoff 


4t:W2L2 


2 2 

cos2 8 C^L  sia6sia4>)sin  Qdfeinecos<j>) 

2 C^inesijJ4)2{]kj&in0cosij))2 


Rectangular  flat  plate 


REFER  TO 


Appendix  B.3 


Appendix  C-4.3 


-4~ 


Appendix  D.2 


- 


COMMENTS 


i Tsfethod  fails  at  e = 0. 


I 


Return  is  specular  return  at  broad- 
side; contributions  from  the  ends 
added  in  a sin  x manner. 


! Keller  method  applicable  in  principle 
i But  has  not  Been  rigorously  applied 
i to  this  problem  Because  the  canonical 
j problems  corresponding  to  the  corners 
have  not  Been  solved.  A solution  has 
Been  obtained  by  Ross  [1966:  p.  329  1 
through  the  introduction  of  an  ad  hoc 
assumption  which  is  not  a part  oT  the 
j Keller  method.  Nevertheless,  this  solu- 
tion seems  to  yield  good  agreement  with 
experiment. 


Not  presently  blown. 
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J: 


■W-: 


Geometrical 


Acoustics 


Kirchhoff 


Keller 


Exact 


RACKS  CATTLiRING  CROSS -SECT ION,  o 


a = 


ira^c2 


(a2sin2e+  c2cos2ef 


6,  <j>  arbitrary 


4 IT  | c 
a = rr  S 


k2  ' 
where 


oo  ^Cl)  f~ih  i£  ) 

s * 2i  — St^C-ih,  cose)SonC-ih,  -cose) 


n=0  ^on  r^3) 


on  r w c-ih,  i5,) 


> %nn  are  spheroidal  wave  functions,  is  the  normal- 
ization constant  for  the  spheroidal  functions,  e0  = 1,  ^ * 2 for 
m M [ABRAMCWITZ  - 1964] , 
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Of  An  Oblate  Spheroid 

Oblate  Spheroidal  Coordinates  : 


Arbitrary  Incidence 


X - i d »'C52+l)Cl-n2)cos* 
2 

Y ■ — d /ft2+lDd*n2)sin* 
2 


where  0 < 5 < •»,  -l<n<l,0<$<27T 
Relationships:  2c  - df;^,  2a  ■ d4^i.  c/a 


h 


\2+i 


, h » Cl/2)  kd 


REFER  TO 

Appendix  B.3 

1 

1 

[BOWMAN  - 1969;  p.  514] 

G0W1ENTS 


Obtained  from  geometrical  acoustics 
formula  for  ellipsoid  bv  setting 
a = b. 


Method  applicable  but  has  not  yet 
been  developed. 


. ._i 


Method  applicable  but  lias  not  yet 
been  developed. 
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METHOD 


BACKSCATTERING  CROSS -SECTION 


Geometrical 

Acoustics 


a - 7r 


Kirchhoff 


a * rc  —r  (1 
or 


Ln^2kc}  + sinz(kc)  ) 
kc  (kc) 2 


Keller 


Exact 


- il  i S | 2 
k2 

s - 2i  i jf  - - sOT  C-ih,  -l)  SonC-ih,  1) 

n-0  Non  C-ih,  iKx) 

Rj^\  Rj Sjnn  are  spheroidal  wave  functions,  1%^  is  the 
normalization  constant  for  the  spheroidal  functions,  e0  = 1 
» 2 for  m f 0 [ABRA'DWITZ  - 1964] . 
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* •'*-?>  *.  t : 


Of  An  Oblate  Spheroid 


Axial  Incidence 


Oblate  Spheroidal  Coordinates: 


X - - d (l-ti2)cos<t> 

2 

Y = |d  /ce2+l) (l-n2)sin<f> 
Z m Tf  d$n 


where  0 < 5 < *,  -1  < ri  s 1,  0 < < 2tt 

Relationships:  2c  » d£p  2a  « + 1,  c/a  - ^//e2  +1  , h = (1/2) kd 


REFER  TO 


Appendix  B.3 


COMMENTS 


Obtained  from  G.A.  formula  for 
ellipsoid  by  setting  0 = 0,  <j>  = 0; 
b •=  a. 


[RUDGERS  - 1965;  p.  10] 


Experimental  and  theoretical  compar 
isons  [CRISPIN  and  SIEGEL  - 1968; 

p.  88], 


i 

1 


Method  applicable  but  has  not  been 
developed. 


Kirchhoff 


sin  Cka) 


aa)2 


Keller 


3L  I o 1 2 

2 I b I 

where  S - 21  j 1 ga.  (~lh’  ^ S^C-ih,  -l)Son(-ih,  1) 
n-°  ^on  ^ (.ihj  ,?i) 

R^,  > Smn  are  spheroidal  wave  functions,  is  the  normal- 

ization constant  for  the  spheroidal  functions,  eQ  = 1,  % = 2 
for  0 [ABRMOWITZ  - 1964] . 


Vi; 


wfmr-*r--  I*"1  ■ "= 


Of  An  Oblate  Spheroid 


Edge-On  Incidence,  6 * 90c 


1 


Oblate  Spheroidal  Coordinates:  X * j d (l-n2)cos<j> 

Y * — d /(S^+l)  (l-n^)sinij) 
2 


M 


l * - d£n 
2 

where  0 < £ < «,  -1  < n < 1»  0 5 < 2w 


Relationships:  2c  = d£j,  2a  = + 1 , c/a  = — — : , h = (l/2)kd 

/q+l 


REFER  TO 


GOMMENTS 


Obtained  from  geometrical 
acoustics  formula  for  ellipsoid 
by  setting  e = tt/2;  b * a. 


Method  applicable  but  has  not 
yet  been  developed. 


[BOWMAN  - 1969;  p.  S14] 


Numerical  results  [BRUNDRIT 
1965]. 
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1 

Table  2.3-15,  Backscattering  Cross-Section 


u • 8 


METHOD  • 


BACKSCATTERING  CROSS  SECTION,  a 


Geometrical 

Acoustics 


rra^c 


4C2 


(a2sin2e+c2cos2e) 2 


Kirchhoff 


Keller 


Exact 


I s l2 


where 


2i  l 


ClT  ’ 

i V Oi,  «i) 


n-n  JCn  Rg)  * Oi,  Cl) 


SQn(h,  cosejS^Cht  -cose) 


>C1)  DC1) 


R^;  R^J , are  spheroidal  wave  functions,  % is  the  normal- 
ization constant  for  the  spheroidal  functions,  e0  - 1,  % ® 2 for 
! mjiO  [ABRAMOWITZ  - 1964] . 
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Of  A Prolate  Spheroid 


Arbitrary  Incidence 


Spheroidal  Coordinate  System:  X = — d (1-n2)  cos  <}> 

2 


Y = \ d /(?- 1)  Cl-n2)  sin  * 

2 = 2"  den 

where  d = semifocal  distance,  1 s c < »,  -1  < n < 1,  0 < 


Relationship : 


2c  = d 


2 a = d v^2-! 


h = i led 
2 

h^  = kc 


< 2tt 


1 


REFER  TO 


[CRISPIN  - 1968;  p.  86] 


, [BOWMAN  - 1969;  p.  441] 


COMMENTS 


Obtained  from  geometrical  acoustics  formula  for 
! ellipsoid  by  setting  b = a. 


Method  applicable  but  has  not  yet  been  developed 


Method  applicable  put  has  not  yet  been  developed. 
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Exact 


0-%l  S I2 

k2  n(l)  ' 

w RlnJ  (h,  S-,) 

! where  S ■ 2i  J » rjp SQn(h,  '1^son^1» 

; n-0  Won  R^J  (h.  Si)  0n  °" 

j 

| 14n  > Smn  axe  spheroidal  wave  functions,  is  the  normalization 

; constant  for  the  spheroidal  functions,  eQ  » 1,  % - 2 for  m + 0 
| [ABRAMMTZ  - 1964]. 
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Axial  Incidence,  e = 0° 


Of  A Prolate  Spheroid 


Spheroidal  Coordinate  System: 


Relationships:  2c  = d£ 


X - jd  /(?-!)  (1-n4*)  cos  4» 


Y = — d /u2-l)  Cl-nS  sin  * 
2 


Z = - dSn 
2 


2a  = d»4  2-l 


h = ^cd 
hf^  = kc 


where  d = semifocal  distance,  1 < 5 < “,  -1  < n < 1,  0 < < 2tt 


REFER  TO 


Appendix  B.3 


[RUDGERS  - 1965;  p.  10] 


[BOWMAN  - 1969;  p.  457] 


+2ih  f1  ^ l "n2 

o ,T7~ 


dn 


C01WJTS 

Obtained  frairi  geometrical  acoust.i 
formula  for  ellipsoid  By  setting 
a = b,  and  e = 0°. 


Criterion  for  ov-pHer  t0  be  withii 
201  of  aG>A>. 


c/a  10:1  8:1  _5j_l  2:1  4:1 

kc  > 575  375  160  33  14 


ka^ 


> 5.75  5.86  6.4  8.25  10.0 


5,  - 


[BOWMAN  - 1969;  p.  441] 


wuere  , p'J-j  a 

s ■ 2i  I - SOT  (h,  -T>  S^CM) 

n-°  Non  r£>  ».  V 

rC1),  ^m?*  ‘“'mil  are  spheroidal  wave  functions,  is  the  normalization 
Jnri  constant  for  the  spheroidal  functions,  eq  - 1,  &«  = 2 for  m i 0 
[ABRAMCWITZ  - 1964]. 
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'jL>  .w  ini 


of  A Prolate  Spheroid 


Beam  Aspect,  0 - 90° 


Spheroidal  Coordinate  System: 

Xs  - d /(<i2-l) Cl-q2)  cos  * 

2 

Y - - d /u2-l)  (1-n2)  sin  $ 

2 

Z - i d£ri 
2 

where  d * semifocal  distance,  1 < £ < », 

' REFER  TO 

Appendix  B. 3 

JR1IDGERS  - 196S;  p.  10] 


Relationships:  2c  ■ d£^ 

2a  = d4i2-l 

h = ~ kd 
2 

h^  - kc 

-1  < n < 1,  0 s 4>  < 2ir 

COMMENTS 

Obtained  from  geometrical  acoustics 
formula  for  ellipsoid  by  setting 
! a H b,  and  e - */2. 


Method  applicable  but  has  not  yet 
been  developed. 


i 

i- — 


[BOW4AN  - 1969;  p.  441] 


i 

< 


Table  2.3-18.  Backseat tering  Cross-Section 


METHOD 


Geometrical 


oustics 


Kirchhoff 


Keller 


RACKSCATTERING  CROSS-SECTION,  c 


sinizka 


0 * I sre£l  + ^cr.w.  I 


where 


5 srefl . li  ^c-2^ 

r-  ss-^ » 1 

obtained  also  from  the J 

r Luneburg -Kline  expansion  * 

oq  co  ~ expf-IiO 

scrw  - -Cexp(4))nka  l (-l)e  l (326  -21)-  - ■ K 

cr'  4 1-0  n-1  60trfi8*  n ”4»4 


m4e4 


fc^F  8n*  i^)+0Cm-6))CBn[AiC-Bn)j2)'1acp[i(2»*l)» 

175  n 800 

(6^  +21)  exp  (-5^-)  , .i 

(ka+m^expCiTr/3) - - — + (l400m^Bn) 

where  Bn  are  zeros  of  the  derivative  of  the  Airy  function;  i.e.  Ai'C-p^-O 


cs> 

I^C'l)n(2n  + 1)  a'n  | L where  a’n  = j ^(ka)/!^1) ' (ka) 


where  jn,  hn  are  spherical  Bessel  functions 

[ABRAMOWITZ  - 19641. 


Of  A Sphere 


lerical  Coordinate  System:  x - r sin  6 cos  4> 

Y • r sin  © sin  <j> 


r cos  9 


REFER  TO 


Appendix  B.3 


Appendix  C. 4 


[BOWMAN  - 1969; 
p.  378] 


CONSENTS 

j Obtained  from  geometrical  acoustics 
l formula  for  ellipsoid  by  setting 


Refinement  of  Keller  solution  provided  I 
by  [SENIOR  - 1965]  I 

First  three  terms  in  Srefi # previously  j 
derived  by  [KELLER  - 1956]  using  Lune-  j 
burg-Kline  expansion  technique,  Srefi.  ] 
accurate  for  ka  > 10;  fairly  accurate  ] 
for  ka-  5.  j 


[BOWMAN  - 1969; 
p.  379] 


S~r.w.  accurately  approximated  by  sin- 
gle' creeping  wave  [SENIOR  - 1965  ] . 

Order  of  Magnitude  guideline  for  acr.w. 

acr.w.  " *a2  (1.03  (ka) *5/2) . Esti- 
mated by  [CRISPIN  - 1968;  p.  128]  from 
exact  backscattering  curve  by  assuming  ' 
that  cjnax.  ' °g.a.  + ^cr.w.  ^ °min.  1 
3 ?g,a.  ' ?cr.w.  Expression  ocr.w. 
valid  for  1 _<  ka  < 15;  provides  good 
estimate  for  a reTatively  long,  slender 
body  having  diameter  2a. 


[BOWMAN  - 1969; 
p.  374] 
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2.3.4  COMPARATIVE  ANALYSES 


The  preceding  example  problems  and  comparative  formulas  provide  explicit 
evidence  of  the  differences  which  obtain  from  application  of  the  various  theories 
and  methods.  Now  that  we  see  what  the  differences  are,  we  can  and  should  ask, 
why?  Appendices  B,  C,  and  D provide  the  factual  basis  for  a comparison  of  the 
methods  themselves  - not  just  the  results  of  the  methods.  Since  few  criteria 
can  be  given  to  guide  in  the  selection  of  one  method  over  another,  it  is  essen- 
tial that  one  understands  the  relative  advantages,  disadvantages,  and  limita- 
tions of  the  methods. 

Geometrical  acoustics  is  obtained  from  the  wave  equation  in  the  Unit  of 
infinite  frequency.  It  is,  therefore,  natural  in  high  frequency  problems  to 
think  in  terms  of  rays.  This  picture,  however,  can  be  very  misleading  in  many 
diffraction  problems.  In  fact,  geometrical  acoustics  really  describes  particle- 
like behavior  rather  than  wave- like  behavior.  Cast  into  the  form  of  the  Hamilton 
-Jacobi  equations,  the  basic  equations  of  classical  mechanics  are  identical  with 
the  basic  equations  of  geometrical  acoustics  (a  fact  which  led  Schrodinger  to 
the  discovery  of  wave  mechanics).  Thus,  the  geometrical  acoustics  description 
of  scattering  really  describes  how  a stream  of  particles  would  be  scattered. 
Indeed,  at  high  frequencies,  waves  do  have  many  particle-like  properties,  but 
there  are  many  subtleties  associated  with  the  passage  to  this  limit,  particu- 
larly in  target  strength  problems. 

Since  target  strength  is  a far  field  quantity,  in  high  frequency  problems 
we  are  concerned  with  two  limits,  viz.  r-*oo,  k -*<»©  . It  is  well  to  keep  in 
mind  that  these  limits  are  not  always  interchangeable  and  that  when  they  are  not 
we  should  take  the  limit  r— first.  The  range  at  which  the  far  field  begins 
is,  in  general,  a function  of  aspect.  As  an  example,  consider  a convex  body 
which  has  a flat  disc- like  portion,  whose  maximum  diameter  is  2a.  Consider  a 
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plane  wave  normally  incident  on  the  disc.  The  scattered  rays  are  si  <wn  in  (a) 
below. 


*- 


(a) 


We  see  that  in  the  backscattering  direction  there  is  a cylinder  of  rays.  Accord- 
ing to  geometrical  acoustics  we  have  a reflected  plane  wave  within  the  cylinder 
and  the  field  becomes  discontinuously  zero  outside  the  cylinder.  K re  we  should 
be  guided  by  the  centuries-old  principle  natura  non  facit  saltus  (nature  does  not 
make  jumps) . This  type  of  discontinuous  behavior  is  unphysical  and  we  would 
expect  to  find  a thin  transition  region  surrounding  the  cylinder.  A plane  section 
of  the  transition  region,  as  shown  in  (b)  above,  is  a sector  of  half  angle  0 (the 
size  of  e is  greatly  exaggerated  in  the  figure).  Even  though  e is  very  small,  for 
sufficiently  large  range,  r > R,  the  transition  regions  will  overlap  and  geomet- 
rical acoustics  ceases  to  have  any  validity.  In  this  situation  geometrical  acou- 
stics is  a valid  description  of  only  the  near  field.  The  far  field  begins  at 
range  R.  Since  the  large  parameter  governing  this  phenomenon  is  ka,  we  would 
expect  to  have  e v (ka)  m where  m is  a positive  quantity.  Then  the  range  at 
which  the  far  field  begins  is  given  by 

m 

R = a(ka)  (const.) 
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However,  ir  we  consider  an  aspect  other  than  normal,  no  such  transition 
phenomenon  affects  the  backscattering.  In  this  situation  the  far  field 
is  approximately  equal  to  the  geometrical  acoustics  field  and  the  first 
order  correction  is  due  to  diffraction  by  the  edge  of  the  disc.  The 
ordinary  criterion  of  geometrical  acoustics  CAppendix  B)  is  applicable 
in  this  region  giving 


R » 


where  R^,  are  the  principal  radii  of  curvature  at  the  point  of  spec- 
ular backscattering.  In  general  then,  the  far  field  begins  at  a point 
considerably  closer  to  the  body  for  non-normal  aspoct  than  it  does  at  normal 
aspect. 

This  type  of  transition  phenomenon  should  be  expected  whenever  approx- 
imate methods  produce  discontinuous  behavior.  It  is  for  this  reason  that 
the  Keller  method  fails  for  finite  straight  edges  and  at  shadow  boundaries. 
For  example,  for  a plane  wave  normally  incident  on  a finite  straight  edge 
the  method  predicts  a cylindrical  wave  within  the  two  planes  perpendicular 
to  the  edge  at  its  end  points.  The  cylindrical  wave  vanishes  discontinuously 
across  these  planes.  Thus,  the  Keller  method  gives  a good  description  of 
the  near  field  but  fails  in  the  far  field  in  which  the  scattered  wave  must  be 
spherical.  The  method  is,  therefore,  not  suitable  without  modification 
for  a target  strength  calculation,  in  this  case. 

We  have  assumed  the  width  of  the  transition  layer  to  be  given  by  the 
relation  6 ^ (ka)  m.  The  value  of  m,  according  to  Kirchhoff  theory  (Appendix 
C) , * unity.  More  detailed  guidance  as  to  the  value  of  m under  various 

conditions  could  be  provided  by  a careful  study  of  the  asymptotic  properties 
of  solutions  for  simple  bodies,  but  present  treatments  are  generally  not 
sufficiently  thorough  for  this  purpose. 
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Transition  layer  phenomena  of  the  type  we  have  been  discussing  are  character- 
istic of  asymptotic  formulas.  Most  high  frequency  formulas  are  of  this  type. 

By  this  we  mean  that  they  are  obtained  from  a divergent  asymptotic  expansion  by 
truncation.  There  is  an  optimum  number  of  terms  for  retention  but  even  with  the 
optimum  number,  the  calculation  can  not  be  improved  beyond  a certain  minimum 
residual  error  (in  contrast,  the  error  made  by  truncating  a convergent  expansion 
ran  always  be  made  as  miall  as  we  like  by  retaining  a sufficient  number  of  terms) . 
There  are,  unfortunately,  no  general  theorems  which  determine  the  optimum  number 
of  terms  to  retain  in  an  asymptotic  expansion.  Thus,  the  inclusion  of  higher 
order  terms  does  not  necessarily  improve  the  calculation,  it  may  make  matters 
worse ! 

Some  guidance  can  be  obtained  by  examining  the  physical  meaning  of  the  terms 
in  the  expansion.  (This  was  done  in  Appendix  C.4.1  where  one  term  in  the  expan- 
sion of  the  sphere  solution  was  discarded  on  the  basis  of  physical  reasoning) . 

In  general,  the  terms  in  the  asymptotic  expansion  can  be  identified  mi.th  the 
following  physical  phenomena,  given  in  decreasing  order  of  importance: 

(1)  Specular  reflection  contributes  integer  or  half -integer  powers  of  k to 

the  expansion  of  the  scattered  field.  If  the  aspect  is  normal  to  two  infinite 

principal  radii  of  surface  curvature  (e.g.,  normal  incidence  on  a flat  plate) 

the  expansion  begins  with  the  first  power  of  k.  If  aspect  is  normal  to  one 

principal  radius  of  curvature  (e.g.  broadside  incidence  on  a finite  cylinder) 

1/2 

the  expansion  begins  with  k , In  these  two  cases  geometrical  accuse4  not 
suitable  for  calculating  the  sonar  cross  section  since,  as  have  seen,  it  fails 
to  account  for  three  dimensional  spreading  in  the  far  field.  Instead  the  Kirchh- 
off  or  Keller  method  can  be  used.  Experience  has  shown  that  these  two  methods 
can  be  expected  to  agree  to  first  order,  though  there  is  no  theoretical  argumt.it 
which  proves  they  must. 
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If  neither  principal  radius  of  curvature  is  infinite  and  there  is  specular 
backscattering  the  expansion  begins  with  the  constant  term.  This  leading  term 
is  determined  solely  by  the  shape  of  the  body  and  can  Be  calculated  using  form- 
ulas from  differential  geometry  (see  Appendix  B.3) . The  same  first  order  result 


should  be  obtained  from  the  Keller  and  Kirchhoff  methods  and  is  identical  with 


the  geometrical  acoustics  result.  Furthermore,  the  geometrical  acoustics  result 


is  the  leading  term  in  the  Luneburg -Kline  expansion. 

(2)  Diffraction  by  a finite  straight  edge  should  be  considered  as  a separate 


case.  The  Keller  method  fails  because  it  predicts  outgoing  cylindrical  waves 


from  the  edge  but  fails  to  account  for  their  three  dimensional  spreading  in  the 


far  field.  Therefore,  we  liave  to  be  guided  by  the  Kirchhoff  theory.  The  edge 


should  not  be  considered  in  isolation  from  the  rest  of  the  body  since  the  field 


will  depend  on  the  way  the  edge  is  terminated.  However,  we  can  generalize  some- 
what from  the  cross  section  for  a rectangular  plate  (see  Table  2.3-4).  For  inci- 
dence normal  to  an  edge  but  away  from  broadside  aspect  (to  exclude  specular 


reflection)  the  scattered  field  is  proportional  to  a highly  oscillating  function 


of  the  type  sin  (kL).  Assuming  that  this  function  does  not  happen  to  vanish  for 
the  particular  wavelength  used,  it  follows  that  the  cross  section  is  of  the  same 
order  as  for  a sphere  of  diameter  equal  to  the  width  of  the  plate  (see  Table 
2.3-18).  Therefore,  diffraction  from  a finite  straight  edge  is  potentially  as 


important  as  specular  reflection  from  a convex  surface.  However,  for  incidence 


other  than  normal  the  highly  oscillating  function  is  multiplied  by  a damping 


factor. 


(3)  A curved  edge  will  contribute  to  the  far  scattered  field  in  inverse 

-1/2 

powers  of  k beginning  with  k ' . The  Keller  and  Kirchhoff  solutions  will,  ir 


general,  not  agree  in  the  leading  term  of  this  series  (e.g.,  the  finite  cylinder). 


There  is  still  insufficient  experimental  data  in  acoustics,  but  electromagnetic 
experience  indicates  a preference  for  Keller's  method. 
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(4)  A tip  (such  as  the  tip  of  a cone)  will  contribute  to  the  far  scattered 
field  in  terms  in  inverse  powers  of  k beginning  with  k . The  Keller  method  is 
impractical  because  of  insufficient  knowledge  of  the  relevant  canonical  problems 
except  for  certain  special  cone  angles  or  aspects. 

(5)  A ray  tangentially  incident  on  a convex  body  launches  a surface  wave, 
called  a creeping  wave  or  circumferential  wave,  wnich  propagates  along  a surface 
geodesic  with  exponential  damping  due  to  continuous  re-radiation  to  the  outside 
field.  Thus,  this  type  of  phenomenon  contributes  exponentially  damped  terms  to  the 
asymptotic  expansion  of  the  scattered  field.  The  Kirchhoff  method  does  not 
account  for  this  type  of  phenomenon  at  all  and  the  Keller  method  should  be  used 
with  caution.  Fran  Example  Problem  2 (the  spheriod)  we  have  seen  that  even  for 
moderately  thin  bodies  very  large  values  of  ka  may  be  needed  for  the  Keller 
method  to  produce  good  results. 

Each  of  the  target  strength  prediction  methods  makes  assumptions  about 
the  problems  to  facilitate  a solution.  We  would  immediately  point  out  that  the 
word  assumption  is,  in  most  cases,  a misnomer  because  we  really  mean  approxima- 
tion. Even  that  which  we  call  an  exact  solution  - because  it  satisfies  the 
differential  equation  and  its  boundary  conditions  exactly  - is  really  an  approx- 
imate solution  since  the  simple  linear  wave  equation  itself  is  an  approximation. 
But  the  geometrical  acoustics,  Kirchhoff,  and  Keller  theories  go  beyond  this 
approximation  and  make  additional  assumptions  (approximations) , 

The  "essence"  of  the  relative  differences  between  the  vJiree  approximate 
methods  can  be  brought  out  in  the  following  example. 


Consider  a plane  wave  axially  incident  cn  one -half  of  a rigid  prolate 
spheroid. 


e 


Since  the  body  is  convex,  the  geometrical  acoustics  method  only  concerns 
itself  with  the  specular  (blackened)  region  and,  further,  assures  the  reflection 
coefficient  at  the  point  ( 0,0, -c)  to  be  equal  to  that  of  an  infinite  flat  plate. 
The  Kirchhoff  method  makes  use  of  the  entire  ensonif.ied  portion  of  the  body  but 
gives  largest  "weight”  to  the  specular  region  and  lesser  and  lesser  weight  to 
the  regions  away  from  the  specular  point,  as  illustrated  by  the  density  of  the 
hatched  lines.  The  Kirchhoff  method  also  makes  the  flat -plate  approximation  as 
regards  the  reflection  coefficient.  Both  the  geometrical  acoustics  and  Kirchhoff 
methods  completely  ignore  the  shape  of  the  body  in  the  shadow  region  and,  hence, 
their  solutions  would  not  differ  if,  instead  of  the  above  termination,  we  had  a 
full  prolate  spheroid,  a pointed  cone,  an  infinite  cylinder,  or  any  other  shape. 

In  contrast,  the  Keller  method  is  more  phenomenological;  it  identifies  the  spec- 
ular region  and  the  truncated  portion  (edge)  as  the  principal  scatterers  and 
ignores  the  intermediate  region.  The  geometrical  acoustics  solution  at  the  spec- 
ular point  forms  part  of  the  Keller  solution  but  added  to  it  is  the  90°  circular 
wedge  solution  which  accounts  for  the  shape  of  tire  body  in  the  shadow  region, 
including  any  multiple  diffraction  effects.  Which  of  the  approximate  methods  will 
yield  the  more  accurate  prediction  for  the  back- scattering  cross-section?  • we 
don't  know  for  sure!  However,  prior  experience  indicates  that  at  seme  suffic- 


iently  high  frequency  and  beyond,  the  geometrical  acoustics  prediction 
will  differ  negligibly  from  the  exact  result  (whatever  that  is)  and,  at 
lower  frequencies  down  to  ka  / c - 2,  the  Keller  result  would  be  most 
accurate.  It  is  characteristic  of  this  entire  field  that  little  more  can 
be  said  about  the  validity  of  these  methods  for  this  and  similar  problems. 

Each  of  the  approximate  methods  have  certain  practical  advantages, 
and  dis .advantages  that  should  be  noted.  The  geometrical  acoustics  method 
is  exceedingly  simple  to  apply  and,  with  some  very  definite  exceptions, 
will  yield  very  accurate  predictions  at  sufficiently  high  frequencies. 

At  these  exceptions,  or  in  a region  approaching  them,  the  geometrical 
acoustics  method  is  not  only  exceedingly  simple,  but  also,  exceedingly  wrong! 
The  exceptions  which  preclude  the  use  of  geometrical  acoustics  can  usually 
be  handled  by  the  Kirchhoff  method  which  leads  to  an  integral  to  be  evaluated. 
In  many  problems  involving  bodies  of  revolution  this  "Kirchhoff  integral" 
can  be  (and  has  been)  performed  exactly  with  relative  ease.  In  other  cases 
asymptotic  (saddle-point  or  stationary-phase)  solutions  may  be  obtained. 

These  solutions  are  valid  approximations  to  the  integral  (but  we  can  not  give 
error  bounds)  when  the  acoustical  size  of  the  body  (ka)  is  sufficiently  large. 
Typically,  the  Kirchhoff  integral  will  yield  the  geometrical  acoustics 
solution  (if  one  exists)  plus  higher  order  correction  terms.  Interestingly, 
the  asymptotic  evaluation  of  the  Kirchhoff  integral  sometimes  yields  more 
accurate  predictions  than  that  which  would  obtain  from  an  exact  evaluation 
of  the  integral.  This  apparent  contradiction  is  suggestive  of  how  delicate 
is  the  art.  It  is  also  fair  to  say  that  one  of  the  advantages  of  the  Kir- 
chhoff method,  in  contrast  to  the  Keller  method,  is  its  age.  In  addition  to 
the  many  Kirchhoff  solutions  (problems)  which  have  been  studied  over  the  years, 
many  of  the  subtleties  have  also  been  studied  and  are  relatively  well  under- 
stood. In  contrast,  the  Keller  method  is  new  and  has  not  been  explored  to 
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the  same  extent.  The  Keller  postulates  are  intuitively  simple  and  appealing, 
but  detailed  application  of  the  method  is  often  not  straightforward.  In 
contrast  to  the  simple  ‘'cookbook"  type  procedure  for  formulation  of  the 
Kirchhoff  integral,  in  the  Keller  foimulation  one  must  identify  the  highlights, 
define  the  canonical  sub-problems,  and  then  synthesize  the  parts.  Often  the 
sub-division  of  the  giver  problem  into  canonical  parts  cannot  be  performed,  or 
is  very  difficult.  The  rigid,  flat,  rectangular  plate  is  a good  example.  The 
basic  difficulty  hor£  is  the  lack  of  sufficient  types  and  numbers  of  canonical 
problems.  This  deficiency  exists  for  both  "hard"  and  "soft"  acoustic  bodies 
(shapes)  as  well  as  for  the  elastic  and  visco-elastic  bodies.  In  fact,  so  few 
canonical  solutions  exist  for  elastic  body  problems,  that  the  deficiency  is 
really  an  absence.  It  is  reasonable,  therefore,  to  speculate  that  the  progress 
of  the  Keller  method  in  acoustics  will  largely  depend  on  the  progress  of  the 
canonical  problems . 

2.3.5  GENERAL  GUIDANCE 

The  classical  theory  of  diffraction  was  founded  in  the  mid -nineteenth 
century  by  Kirchhoff.  Although  based  on  an  assumption  which  has  never  been  made 
rigorous^  it  has  amazingly  endured  to  the  present  as  a practical  method  in 
diffraction  theory.  Modem  diffraction  theory  can  be  dated  from  1896  when 
Sommerfeld  published  perhaps  the  most  famous  solution  to  a boundary  value 
problem  in  mathematical  physics,  an  exact  solution  to  the  problem  of  diffrac- 
tion by  a semi-infinite  half-plane.  In  Soranerfeld's  "Method  of  linages  on  Riemann 
Sheets"  the  solution  was  obtained  in  the  form  of  a contour  integral  in  the  complex 
plane.  This  was  the  first  exact  solution  to  a diffraction  problem  not  based  on 
the  separation  of  variables  method.  Unlike  the  latter  type  of  solution,  which 
is  an  eigenfunction  expansion  that  is  slowly  convergent  at  high  frequencies,  the 
Sommerfeld  solution  is  well  suited  for  high  frenuency  problems  and  it  immediate- 


ly  became  a standard  for  comparison. 


Subsequently,  other  exact  methods  were  discovered,  notably  the  Wiener- -Fopf 
method.  However,  1 ike  the  Sommerfeld  method  these  are  applicable  only  to 
infinite  or  semi- infinite  bodies.  The  only  known  exact  solution  for  a three 
dimensional  body  is  the  solution  for  the  spheroid  and  its  limiting  cases  (sphere, 
disc)  as  an  eigenfunction  expansion. 

Eigenfunction  expansions  converge  slowlv  at  high  frequencies.  As  a rule 
of  thumb  the  number  of  terms  required  in  a practical  calculation  is  cn  the 
order  of  two  time-0  the  value  of  ka.  The  practical  use  of  these  expansions  is 
considerably  extended  by  the  use  of  modem  computers.  We  have  been  able  to  per- 
form spheroid  calculations  up  to  ka  **  50  at  moderate  cost.  Except  for  very  thin 
spheroids  it  is  feasible  to  perform  numerical  calculations  up  to  the  geometri- 
cal acoustics  limit. 

An  alternative  method  of  utilizing  slowly  convergent  expansions  was  dis- 
covered by  Watson  in  1919.  This  method,  now  generally  known  as  the  Watson - 
Sommerfeld  transformation,  is  a technique  ror  transforming  a slowly  convergent 
expansion,  requiring  perhaps  thousands  of  terms,  into  a rapidly  convergent 
expansion  recmiring  only  one  or  two  terms.  In  other  words, it  is  a method  for 
transforming  an  exact  solution  into  a form  convenient  for  high  frequency  cal- 
culations. The  transformed  expansion  reveals  a new  physical  phenomenon  typical 
of  high  frequency  scattering,  the  creeping  wave  or  circumferential  wave.  This 


is  a surface  wave  launched  by  an  incident  ray  tangent  to  the  body  at  the  shadow 
boundary.  It  is  the  meclianism  by  which  a smooth  transition  is  made  from  the 
insonified  region  to  the  shadow  within  a narrow  "penumbra"  about  the  shadow 
boundary.  The  creeping  wave  propagates  along  the  surface  of  the  body  and  may 
encircle  it  many  times.  However,  it  is  exponentially  damped  as  it  propagates, 
and  for  this  reason  its  amplitude  becomes  negligible  a short  distance  from  the 
shadow  boundary. 
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Eecause  of  the  exponential  damping,  re-radiation  from  the  creeping  wave  to  the 
external  field  is  the  weakest  of  all  scattering  mechanisms.  For  example,  the 
shadow  behind  a sphere  is  much  deeper  than  the  shadow  behind  a disc  because  the 
edge  of  the  disc  scatters  much  more  energy  into  the  shadow  region  than  that 
which  would  arrive  there  via  the  creeping  wave  on  the  sphere. 

Thus,  by  studying  simple  bodies  (including  the  infinite  ones)  we  can  identify 
different  scattering  mechanisms  and  compare  their  relative  strengths.  Our  intui- 
tion tells  us  that  when  the  wavelength  is  very  short  compared  with  the  topo- 
graphical features  of  a body  these  features  should  behave  more  or  less  like 
separate  bodies  in  isolation  an  each  other.  These  component  parts  of  the 
body  can  then  be  identified  with  the  various  scattering  mechanisms.  We  have 
seen  elsewhere  in  this  report  what  these  mechanisms  are.  We  briefly  re -state 
them  here  in  decreasing  order  of  backscattering  effectiveness*  (1)  specular 
reflection  from  flat  surface,  (2)  specular  reflection  from  cylindrical  surface, 

(3)  specular  reflection  from  convex  surface  or  normal  incidence  on  straight  edge, 

(4)  normal  incidence  on  curved  edge,  (5)  scattering  from  tip  or  oblique  inci- 
dence on  straight  edge,  (6)  creeping  wave  arising  from  shadow  boundary  on  a 
smooth  convex  surface. 

Thus,  by  examining  the  surface  geometry  of  the  target  we  can  identify 
scattering  centers  and  estimate  their  relative  importance.  For  example,  if 
there  is  no  specular  reflection, then  to  first  order  the  target  strength  is 
determined  by  the  edges  with  other  features  such  as  tips  or  shadow  boundaries 
contributing  higher  order  corrections.  If  a pulse  is  incident  on  the  target^ 
echo  returns  will  be  received  from  the  scattering  centers  at  different  times. 
Their  relative  amplitudes  will  also  correspond  to  the  above  rank  ordering  of 
scattering  mechanisms. 

The  assumption  that  a target  can  be  treated  as  a sum  of  composite  parts 
is  basic  to  the  Keller  theory.  It  is  alien  to  the  Kirchhoff  approach  although 
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backscattering  is  interpreted  in  this  way  in  Freedman’s  formulation.  However, 
creeping  wave  phenomena  are  not  incorporated  in  the  Kirchhoff  theory  as  they 
are  in  the  Keller  theory.  Instead  there  is  a spurious  shadow  boundary  contribu- 
tion (Appendix  C) . 

In  this  report  we  have  concentrated  on  three  approximate  methods  on  the 
basis  of  practical  importance.  However,  these  methods  can  also  be  considered 
basic  in  the  sense  that  other  approximate  methods  are  modifications  or  refine- 
ments thereof.  Such  extensions  can  be  valuable  but  their  application  is  more 
art  than  science.  Of  the  three  methods^  geometrical  acoustics  is  strictly  a 
high  frequency  method.  Tire  Keller  and  Kirchhoff  methods  are  useful  at  lower 
frequencies  with  the  Keller  method  having  potentially  the  widest  range  of 
application  in  both  frequency  and  aspect  because  it  can  incorporate  multiple 
diffraction  (interactions  between  the  targets  component  parts).  However, 
since  exact  solutions  are  available  only  for  a very  limited  class  of  bodies 
final  judgement  must  be  made  on  the  basis  of  experimental  evidence.  At  present 
the  amount  of  experimental  evidence  in  acoustic  scattering  is  far  from  adequate. 
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APPENDIX  A - LINEAR  ACOUSTICS 


In  this  Appendix,  we  shall  review  the  basic  quantities  and 
equations  of  acoustics,  as  well  as  the  definitions  of  the 
scattering  cross  section  and  target  strength. 

The  acoustic  field  in  a fluid  medium  is  essentially  des- 
cribed by  a small  fluctuating  pressure  field,  p,  superimposed 
on  the  large,  constant  hydrostatic  pressure  po,  adding  up  to 


a total  pressure 

Ptot  = P«  + P 

Similarly,  the  total  density  of  the  medium 
ptot  " po  + P 


(a-1) 


(a-2) 


is  composed  of  a constant  part  (p0)  and  a small  fluctuating 
part  (p) ; and  the  total  particle  velocity 


**•  *►  . *> 

vtot  - v»  + v 


(a-3) 


A-l 


consists  of  acoustic  velocity  fluctuations  while  the 
average  (convective)  particle  velocity  v0  will  he- 
assuraed  zero  appropriate  for  a medium  at  rest. 

A— 1 Equation  of  State 

The  basic  equations  of  Acoustics  will  be  derived  here, 
and  will  be  linearized  by  assuming  the  fluctuating  fields 
p,  p,  and  v to  be  small  (while  p0  and  po  are  large).  The 
equation  of  state  of  a fluid  constitutes  a relation  between 
its  pressure  and  density, 

ptot  ■ f(5tct  ) (a~  4) 

which  for  |p|  <<  p„  may  be  expanded  in  a Taylor  series: 

Po  + P fi  f(p)  + p (df/dp)  + ...  (a  -5) 

Since  po  = f(p0),  we  have 

p =*  p (df/dp)  + ...  (a^6) 

Defining  the  (constant)  sound  velocity  c by 

c » [ (df/dp K ]1/2  (<*- 7) 

JO 

we  obtain 

P = pc2  (a-8) 

as  the  linearized  equation  of  state. 

A- 2 , Euler’s  Equation 

This  equation  is  just  Newton's  force  equation  applied 
to  a volume  element  d3x  of  the  fluid.  The  net  x-component 
of  force  (in  the  positive  x-direction)  is  given  by 

(p(x)  - p(x+dx)]  dy  dz  * -(dp/px)  d3x  (a-9) 


A-2 


(since  the  hydrostatic  parts  pc  cancel) . This  equals  mass 
times  acceleration,  iee. 

( P tot  d3x* (dvx/dt) • (a-10) 

Si^ce  v = v(r(t) , t) , the  chain  rule  of  differentiation 

dvx/dt  * *vx/&t  + (^vx) • (d?/dt)  (a- 11) 

introduces  the  "convectional  derivative",  and  one  has 

(Ptot  d3x)  [^vx/it  + $*<Vvx)  ] , (a-12) 

which  has  to  equal  Eq.  (a- 9) . Combining  all  three  Cartesian 
components , one  has 

-Vp  = ptot(£>vAt  + v>Vv)  . (a-13) 

Linearizing  allows  to  set  otots  PQr  and  to  droP  second  term 
in  parenthesis  as  being  of  higher  order,  leading  to  the  linear- 
ized Euler  equation 

-?p  = Pc(bv/^t),  (a-14) 

A- 3 Equation  of  Continuity 

This  equation  expresses  the  conservation  of  mass  in  the 
fluid  medium.  The  amount  of  matter,  flowing  during  the  time 
dt  into  the  volume  element  d3x  along  the  positive  x-direction  as 
a consequence  of  the  acoustic  fluctuations,  amounts  to 

Ptot<x)  vx(x)  dt  dY  dz'  (a  -15) 

while  the  outflow  is 

p,  ^(x+dx)  vv(x+dx)  dt  dy  dz, 
tot  x 

leading  to  a net  influx  of 


(a  -16) 


<«~18) 


The  total  influx  through  all  three  faces  is  then 
-1*  <ptot^  d3x  dt* 


Furthermore,  there  may  be  a source  in  d3x  generating  the 

additional  amount  of  fluid  volume  q d3x  dt,  or  the  additional 

mass  q p , d3x  dt.  Thus,  there  occurs  a total  increase  in 
tot 

mass  which  is  given  by 

dptQt  d3x  * d3x  dt  + p^q  d3x  dt*  (a"19) 


Differentiating  with  respect  to  t at 

= - 3pi>^  - q 

3t 


a given  point  ? leads  to 
* (a’20) 


Linearization  gives 

*P«^^  =-3p/3t  -qp0 
and  use  of  Eq.  (a-8)  leads  to 

= - 1 3P  + q/ 

p0c  3 1 


(a-21) 


(a-22) 


the  linearized  equation  of  continuity. 


A- 4 Wave  Equation 

The  preceeding  allows  the  derivation  of  the  scalar  wave 
equation  of  Acoustics.  Taking  the  divergence  of  Eq,  (a-14) , 
and  the  partial  time  derivative  of  Eq.  (a-22) , one  immediately 
finds  by  elimination  of  v: 


This  is  the  linearized  scalar  wave  equation,  in  which  the 
inhomogeneous  term  on  the  right-hand  side  constitutes  a source 


A-k 


term: 
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Velocity  Potential 


The  particle  motions  in  Acoustics  may  be  assumed  to  be 
irrotational,  i.e.  not  to  give  rise  to  vortices.  In  this 
case,  a velocity  potential  <t>  (r)  may  be  introduced  by  writing 
$ = -V  $,  ( a-24 ) 

since  then,  Vx  v = 0.  From  Eq.  (a-14) , one  has  then  (by 
integration) 

3$ 

(a-25) 


3$ 

p = Po  3t  , 


adjusting  4>  such  that  the  integration  constant  vanishes.  From 
this  and  from  Eq.  (a-23) , one  again  finds 


' 2 $ — . i,  j-.—  _JL 


2$ 


= -q< 


(a~26) 


c'2  at2 

i.e.  a wave  equation  for  the  velocity  potential  in  which  -q 
constitutes  a source  term. 

Differentiating  Eq-,  (a-24)  and  using  Eq.  (a-25)  , we 
find  3v 


at 


$p, 


(a-27) 


or  an  integral  relation  between  velocity  and  pressure. 


po  V JP 


v ~ v / r>  dt 


(a-28) 

For  periodic  motion  with  frequency  e,  where 

$ « exp  {-iwt},  (a-29) 

Eq.  (a-25)  gives 

p = -iwp0<tj  (a-30) 

and,  inserting  in  Eq.  (a-24) , one  finds  the  useful  relation 
between  velocity  and  pressure 

v = (l/iujp0)  Vp  (a  -31) 

valid  for  time-harmonic  motion. 
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Plane  Waves 


We  shall  now  consider  the  important  case  where  the  acoustic 
field  consists  of  a progressive  plane  wave  of  amplitude  P, 


p * P exp  (i(Jt,r  -tat)}, 


(a*-32) 


1c  denoting  its  propagation  vector  (of  magnitude  k and  direction 

a 4 

k = k/k) ; we  shall  always  designate  unit  vectors  by  a caret  *) • 


The  p]»a$e  velocity  of  the  wave  is  given  by 
c = to/k. 

Inserting  Eq.  (a-32)  into  Eq.  (a-31)  gives 


v = vk. 
The  ratio  p/v,  -i.  e. 

p/v  = p0c 


v “ p/pec 


(a-33) 


(a-34) 


(a-35) 


is  known  as  the  characteristic  acoustic  impedance  of  the  fluid 
medium  in  which  the  wave  propagates.  We  may  write  in  analogy 


to  Eq.  (a-32) : 


v = V exp{i(£»r  - ut)  ) , 


where 


V = Vk, 


V=  P/poC  . 


(a-36) 


(a-37) 


Intensity 


The  intensity  I of  a propagating  acoustic  field  is  defined 
as  the  power*  flowing  through  a unit  area  oriented  normal  to  the 
power  flux.  Since**  power  = force  (ds/dt) , and  the  force  per 


* power  = energy  expended  per  unit  time 
**  dtf  = element  of  length 


! 
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unit  area  equals  acoustic  pressure,  we  have 


U-38) 


I = pv 

as  the  (instantaneous)  intensity.  The  directed  intensity 
t,  also  called  the  energy  flux  density,  flows  parallel  to 
the  particle  velocity  so  that 

t = pv.  (a-39) 
For  a plane  wave,  one  has  from  Eq.  (a-34)  the  various  ex- 
pressions 


I 


pv 


— «■—  * p cv2 

Po<:  ° 


(a~40) 


for  the  instantaneous  field  intensity. 


A- 8 Time  Averaged  Intensity 

It  should  be  noted  that  when  we  use  complex  notation  for 

the  fields,  such  as  for  the  plane  wave  of  Eq.  (a -32) , the 

physically  measured  quantities  (e.g.,  the  measured  pressure, 

pm)  are  always  thought  to  be  given  by  the  real  part  of  the 

corresponding  complex  field  (e.g.,  p = Re  p) . For  the  plane 

wave  of  Eq.  (a-32) , one  has 

p = P cos  (it*?  - at)  (a-41) 

m 

General  oscillating  fields  may  be  denoted  by 

p = p exp  i i ( cot  + \J>p)  } (a-42) 

v = v exp  (i(ut  + 4i  ) } (a-43) 

v 

with  certain  time-independent  amplitudes,  p,  v,  and  pleases 

ip  , ^ . The  measured  field  intensity  I is  given  by 
p v m 
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I = p V 

m m m 


p + p*  v + v* 

2 ’ 2 

i-r  (pv  +P*v*)  + (pv*  + p*v)  ] 


j[Re(pv)  + Re (p*v) ] 


— Retpv  exp[i(2wt  + 4»_  + i|>  ) ] } 
^ r V 


+ j Re{pv  exp  [i(^v  - ^p) 3 > 


(a-44) 


(a-45) 


(a-46) 


(a-47) 


(a-48) 


For  rapidly  oscillating  fields,  it  is  often  difficult  to 
measure  instaneous  intensities,  1^,  and  only  the  time  average 


<1  > of  the  intensity,  i.e. 
m 

<I>  = I /!  X_  dt 

m t • in 

where  the  period  x is  given  by 

x = 2ir/«  , 


(a-49) 


(a-50) 


may  be  detemmined.  In  Eg.  (a-48) , the  first  term  then 


integrates  to  zero,  and  we  have* 


<I>  * j Re  pv  exp  [i (♦v  -*  )] 


(a -51) 


= — Re{|)  exp[-i(ut+ip  )]v  exp  [i  (wt+ij/  )]) 

2 P v ( a— 52 ) 


From  Eg.  (a-42)  and  Eg.  (a-43) , this  gives  finally 

<I>  = i Re (p*v) , (a- 53) 

which  is  the  general  form  of  a measured  time-averaged  physical 
quantity  that  is  bilinear  in  two  complex  fields  (in  this  case, 
p and  v) . 

*we  denote  the  measured  time-averaged  intensity  by <l> rather  than<I  >, 

m 
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Specializing  this  to  a plane  wave  again,  we  have  from 
Egs . (a-39)  , (a-32)  and  (a-36) : 

-*•  i . 

<I>  = — Re  p*v 
2 

= i pv 

dm 


(a-54 


(a-55 


Alternately,  Eq,  (a-35)  leads  to 


<i>  = 


IpI1 

c. 


(a-56 


which  is  the  well-known  expression  for  the  time-averaged 
measured  intensity  of  a plane  wave  described  by  the  complex 
pressure  field  p. 


A-9  Scattering  Cross  Section  and  Sonar  Cross  Section 


A convenient  measure  for  the  amount  of  acoustic  back- 
scattering  from  a given  target  is  the  quantity  known  as  "sonar 
cross  section",  * it  is  related  to  the  so-called  "dif- 
ferential scattering  cross  section"  (or  "bistatic  cross 
section")  da,  which  is  defined  as  follows: 


da  = 


energy  flux  scattered  into  dft 
incident  enercry  flux  density 


(dimension  cm2] 
(a-57) 


where  the  energy  flux  (i.e.,  the  power)  of  scattered  acoustic 
energy  (=  flux  density  x area)  into  the  three-dimensional 
solid  angle  da  is  considered. 

The  geometrical  meaning  of  the  differential  cross  section 
defined  in  this  way  is  the  following:  assuming  a uniform 
distribution  of  energy  in  the  transverse  dimensions  of  the 


* To  be  abbreviated  by  "sonar  c,  s. 


incident  beam,  da  represents  the  geometrxcal  cross-section- 
al area  in  the  incident  beam  that  is  traversed  by  an  enerqy 
flux  equal  to  the  one  scattered  into  dft.  Equivalently,  the 
fraction  of  the  incident  flux  traversing  do  is  the  flux 

scattered  into  dfl  (while  the  remaining  incident  flux  does 

0*X1_ 

not  undergo  any  scattering) . The  total  area  /da  may  thus 

A 

be  considered  to  represent  some  sort  of  "cross  section"  of  the 
scattering  object,  since  the  fraction  of  the  incident  flux  that 
hits  it  gets  scattered  (into  / dQ  = 4ir)  , and  the  remainder  of 
the  incident  flux  that  does  not  hit  it,  continues  straight  on. 

For  a steady-state  scattering  problem,  the  acoustic 
pressure  field  p may  be  expressed  asymptotically  in  the  far 
field  (for  distances  r large  compared  to  the  dimensions  of 
the  scattering  object)  in  the  form 


p£ej«.?-»U  + . 


(a-58) 


The  propagation  vector  of  the  scattered  wave  k is  asymptoti- 
cally it'  = kr.  The  first  term  of  Eq.  (a-58)  represents  the 
incident  plane  wave  p^nc,  the  second  term  asymptotically  the 
scattered  wave  Psca.  Using  Eq,  (a-58)  , one  obtains  for  the 
incident  energy  flux  density 


<I,nC>  = = -2— 

c 3/0.  C 


(a-59) 


For  the  asymptotic  scattered  energy  flux,  one  has 


$2  <Or’  da  = IfeiLr-aa. 


(a -60) 


so  that  insertion  into  Eq.  (a-58)  gives 
dcr  _ Um  j-a  i-P***^ 

da  r*®  > 


or  finally 


1 f (r)  I" 


(a-62 


If  now  the  direction  of  scattering  is  confined  to  observa- 
tions of  the  echo  at  a scattering  angle  6 » 180° , i.e.  back 
scattering,  one  arrives  at  the  definition  of  sonar  c.  s. 
a,  which  is  variously: 


O - UftA 

V <iSl  4. tr 

o - Hir  ^ rx  ( \ 

V ' 

O * . 


(a-63 


(a-64 


(a-65 


These  considerations  refer  to  the  case  of  three-dimen- 
sional geometry.  They  may  be  repeated  here  for  the  two- 
dimensional  case,  where  the  asymptotic  distance  r of  the 
observation  point  from  the  target  is  large  compared  to  the 
target  dimensions  in  the  x and  y directions  (x  being  the 
direction  of  incidence) , but  small  compared  to  the  target 
dimensions  in  the  z direction.  (This  geometry  is  important 
for  the  case  of  torpedo  sonar  devices) . In  analogy  to  Eg. 
(2.2-58)  , the  asymptotic  field  is  here  written  using  cylin- 
drical spreading: 

>\  Ukr-ibO 

r ) e 


and  one  defines  a bistatic  cross  section  per  unit  length 

of  the  target  as 

energy  flux  scattered  into  d<j> 

da  * ■ — — - — - - — ■■  [dimension  cm  ] 

Incident  energy  flux  density 


For  the  scattered  energy  flux,  one  has 


•Aim  / T N r dl)  - — 

leading  to  a bistatic  cross  section 

-dig-  - r -lPsgd*  = l _p  (f ) 1 " 

d$>  ' 1 


(a-6?) 


(a-68) 


(a-69) 


The  two-dimensional  sonar  c.  s.  is  here  defined  as 


(at 


which  leads  to  the  expressions 


s --  * X r 


Oi 

\ J y 


(a-70) 


(a-7fi) 


6 = | £ (tt)| 


(a  -72) 
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Boundary  Conditions 


On  the  surface  of  scattering  objects,  boundary  conditions 
have  to  be  imposed  on  the  total  acoustic  field.  For  impenetrable 
bodies  that  admit  no  sound  field  into  their  interior,  two  special 
cases  arise,  namely  that  of  a soft  (or  resilient)  body  where  the 


acoustic  pressure  p vanishes  on  the  surface: 

p(?)  | - - 0 


(a  -73) 
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1 1 M-w^pwy 


: i 


. i 
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with  a subscript  S indicating  that  values  of  r on  the 
surface  S have  to  be  taken.  This  is  also  known  as"Dir- 
ichlet  boundary  condition". 

The  other  case  is  that  of  a hard  (o»*  rigid)  body  where 
the  normal  component  of  the  acoustic  particle  velocity  v 
vanishes  on  the  surface: 


n*  v 


(a-74) 


n being  a unit  vector  normal  to  the  surface  and  pointing  to 
the  exterior  of  the  body.  We  now  use  the  connection  between 
v and  p as  given  by  the  linearized  Euler  equation*  Eq.  (a-14) , 
which  for  the  periodic  motion  (p,v  « exp{-iojt})  that  we  con- 
sider here,  becomes  Eq,  (a-31) . Accordingly,  the  rigid 
boundary  condition  may  be  rewritten  in  terms  of  the  normal 
pressure  gradient  on  the  surface: 

n*Vp|s  = 0 (a  -75) 

This  is  also  known  as  "Neumann  boundary  condition" . 


A— 11  The  Helmholtz  Equation;  Steady  State  and  Pulsed  Solutions. 

The  time-dependent  wave  equation,  Eq,  (a-23) , may  be 
wbitten  as 


Vp 


-i-  = 


(a-76) 


where  we  have  designated  the  source  as 


-Po  ^ - SCr.-t) 
’ bt 


(a-77) 


The  scattering  problem  consists  in  finding  the  solution  p(r,t) 
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of  Eq.  (a-76)  for  a given  source  distribution,  and  with 
the  solution  satisfying  certain  prescribed  boundary  condi- 
tions on  the  surface  of  the  scattering  objects  at  a given 
location. 

With  respect  to  the  time  dependence  of  p,  one  may 
Four ier-deve lop ; 


f p(?,to)  £-yp  C-LL0t^  ddD  , 

(a-78) 

pt?,  (jo)  - 

f eicp  liu>$  <&/3vr  . 

(a-79) 

The  same  may  be  done  for  the  source  S(r,t).  One  says 
p(r,t)  has  harmonic  time  dependence  (with  frequency  oj)  if 

pKtoO  = p (?)  <5  (to'-uo)  . 

I £*- 

because  then,  insertion  in  Eq,  (a-78)  gives 


p(r  ,-0  = p(?)  e)LPl~\uDi]  {a_ 

Similarly,  a harmonic  source  is  given  by 

5 ) = s (?)  exp  1-i-LoiS  {a_ 

A harmonic  source  ^ leads  to  a harmonic  solution  p,  since 
insertion  of  Eqs,  (a-81)  and  (a-82)  in  Eqa  (a-76) 

shows  that  the  time  exponential  drops  out,  so  that  p(r) 
satisfies 


(V\k’)v(?)  = s(?)  , 


(a-83) 
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where  we  have  designated 

k **  (n/c  (a-84) 

[for  the  plane  wave  of  Eq.  (a-32) , this  quantity  k is 
identical  to  the  propagation  vector],  Eq,  (a-83)  is 
known  as  the  "Helmholtz  equation"  ("inhomogeneous"  for 
S j*  Of  "homogeneous"  for  $ =0) , te,  the  form  of  the  wave 
equation  that  applies  to  time-harmonic  motion.  The  plane 
wave  of  Eq,  (a-32)  is  a particular  solution,  as  are  the 
asymptotic  scattered  waves  of  Eqs,  (a -58)  or  (a-66) 
in  the  limit  r «. 

If  the  source  is  "pulsed",  i.e.  does  not  depend  harm- 
onically on  the  time,  we  may  insert  Eq,  (a-78)  and  its 
analogue  for  s-( r,t)  into  the  wave  equation,  Eq,  (a-76)  , 
and  find 

uo'  CX-p  ’'fcj  dio‘  4 J fc*  (to')  p(-r/  u>  •) 

* l - < \ J zz  J s (rf  oo'  f-T  co  ^ 3 , 

(a-85) 

where  we  have  kept  k ( oj  * ) inside  the  integral  since  it  may 
depend  on  the  frequency  (this  fact  is  called  "dispersion") , 
Multiplying  by  exp{iut}/2TT , integrating  over  dt  and  using  the 
formula 

o* 

( Ur~  ' ) \ ^ / 2k  - ^ ( U>-  to  ‘ ) 

(a-86) 

leads  to  the  Helmholtz  equation  for  the  Fourier  transform  of  p: 
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reducing  the  pulse  problem  to  the  previous  one  of  harmonic  time 

4 

dependence.  After  Eq.  (a-87)  has  been  solved  for  p(r,uT,  the 
solution  of  the  pulse  problem  is  then  simply  obtained  from 
Eq.  (a-78) . Note  that  w appears  as  a parameter  in  s($,u). 
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APPENDIX  B - GEOMETRICAL  ACOUSTICS  (GA) 


This  appendix  is  devoted  to  an  exposition  of  the  theory  and  applicability 
of  what  we  have  called  the  Geometrical  Acoustics  method,  as  applied  to  the 
target  scattering  problem.  We  first  provide  a qualitative  description  of 
the  method,  and  then  discuss  its  theoretical  foundation.  Next,  applications 
of  the  method  are  illustrated  for  various  acoustically  "hard"  bodies.  The 
theoretical  and  applications  sections  help  to  establish  the  limitations  of 
the  method,  or  what  we  have  called  "conditions  of  applicability".  Finally, 
we  consider  possible  extensions  of  the  method. 

B.l  GENERAL  DESCRIPTION 

The  term  "Geometrical  Acoustics",  coined  in  analogy  with  the  more 
familiar  term  "Geometrical  Optics",  indicates  a ray  description  of  acoustical 
wave  motion.  The  geometrical  or  ray  description  of  wave  phenomena  has  had 
three  distinct  mathematical  incarnations,  sill  originally  developed  for  app- 
lication to  electromagnetic  waves.  The  first  approach  is  based  on  a varia- 
tional principle  (Fermat’s  principle).  It  reached  Its  culmination  in  the 
work  of  Hamilton  where  the  now  familiar  apparatus  of  rays,  caustics,  wave 
fronts,  etc.,  was  first  given  definitive  form  and  made  rigorous.  The  second 
approach,  whose  mathematical  development  was  suggested  by  Sommerfeld  I 1911], 
is  based  on  the  idea  that  the  geometrical  description  is  a high  frequency 
limit.  Since  this  coincides  with  the  viewpoint  of  this  report  it  is  the 
approach  we  will  follow  In  developing  geometrical  acoustics  from  the  leading 
term  of  a high  frequency  asymptotic  expansion.  The  third  approach  is  based 
on  the  discovery  by  R.  K.  Luneburg  that  geometrical  optics  solutions  are 
exact  solutions  of  Maxwell's  equations  of  a special  class,  viz.,  discon- 
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tinuous  solutions.  In  acoustics  this  approach  was  developed  by  J.B.  Keller 
[ 195I+  ] , who  called  the  discontinuous  solutions  weak  shock  waves.  This  app- 
roach is  well  suited  to  problems  of  pulse  scattering  [FRIEDLANDER  - 1958], 

The  solutions  of  the  geometrical  optics  (or  acoustics)  differential 
equations  lead  one  to  the  concept  that  energy  ■'.ravels  within  "tubes"  bounded 
by  "rays".  A fundamental  result  of  this  theory  is  that  the  energy  contained 
within  a ray  tube  remains  constant,  while  the  energy  density  varies,  depending 
upon  the  convergence  or  divergence  (spreading)  of  the  rays.  In  homogeneous 
media  (i.e.  where  the  sound  speed,  c - constant)  the  rays  are  straight  lines 
in  inhomogeneous  media  [c=c(r)]j,  the  rays  are  curved.  These  very  prin- 
ciples of  the  propagation  of  sound  energy  can  be  applied  to  the  problem  of  the 
scattering  of  sound  from  arbitrarily  shaped  targets.  The  energy  scattered  by 
a target  body  can  be  calculated  in  this  geometrical  acoustics  method  by  making 
certain  high-frequency  approximations  relative  to  the  characteristic  dimensions 
of  the  scatterer. 

In  some  cases,  it  can  be  shown  that  the  GA  predictions  are  completely 
unreasonable  and  must  therefore  be  rejected.  In  other  cases  the  GA  predictions 
are  quite  accurate  and  useful.  The  question  of  the  validity,  and  in  particular 
the  limits  of  validity,  of  the  geometrical  optics  (acoustics)  theory  has  been 
studied  now  for  the  last  two  or  three  centuries,  and  no  completely  satisfactory 
results  have  been  obtained.  Nevertheless, we  shall  undoubtedly  continue  to  use 
and  explore  this  theory  because  it  is  so  simple! 

B.  2 THEORETICAL  BASIS 

Recasting  Soramerfel&'s  development  from  optics  into  acoustics,  we  can  start 
with  the  homogeneous  linearized  wave  equation 


where  p is  a function  of  position  and  time  p(r,  t)  and  c may  be  a function  of 
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position,  c(r). 


We  make  the  harmonic  time  assumption 

b(?,t>  = pc?) 

to  arrive  at  the  reduced  wave  equation 
4- A1  [3=0  ; «= 

If  one  postulates  solutions  to  Eq.  (b-3)  of  the  form 

pc?)  = e%p  {6fc0S<?'>] 


(b— 2 ) 


(b-3) 


(b-4) 


(which  encompasses  almost  all  propagating  wave  solutions  of  interest)  and  sub- 
stitutes Eq.  (b-4)  into  Eq.  (b-3),  one  can  obtain 


(b-5) 


where  kQ  is  some  reference  wave  number,  initially  chosen  to  approximate  the 
mean  of  the  range  of  values  of  k which  are  of  interest.  Eq.(b-5)  is  certainly 
no  less  complex  than  Eq.(b-3),  but  it  is  reasonable  to  assert  that  the  so-called 
diffraction  term  V2A/(k02A)  can  be  neglected  in  the  limit  as  A0  * 2Wk0  ap- 
proaches zero.  The  consequence  of  this  approximation  to  Eq. (b-5)  is  the  eikonal 
equation 


(b-6) 


Mo'  ~ ' > / ~~ 

The  solutions  to  Eq. (b-6)  yield  the  surfaces  of  constant  phase  (S(r)  = constant), 
and  the  rays  of  GA  which  are  always  perpendicular  to  these  surfaces.  In  fact, 
most  of  the  laws  of  GA  can  be  derived  from  Eq.(b-6).  However,  instead  of  pur- 
suing this  development,  we  shall  trace  through  a recent  and  more  illuminating 
development  due  to  LUNEBURG  [1944]  and  KLINE  I 1951].  This  development  is  patterned 

B-3 


from  the  lecture  notes  of  K0UYOUMJIAN  [l972^ . 

Since  GA  is  known  to  yield  results  which  are  correct  in  the  limit  of 
vanishing  wavelength,  hut  invalid  for  large  wavelengths,  ve  assume  an  asymp- 
totic solution  of  the  form 


|p<?)  ~ 21 

Note,  when  m = 0 only,  we  have  the  first  term 

]p Lr)  ^ 1 10(?) 


Ch-7) 


(h-8) 


which  is  identical,  to  the  assumed  form  in  Eq.(b-k}. 

This  new  form,  Eq.(b-7),  can  he  expected  to  lead  to  a solution  containing 
frequency  dependent  correction  terms  to  GA  when  the  index  m } 0 , hut  is  known 
to  exclude  certain  diffraction  effects  - particularly  those  due  to  scattering 
from  edges  and  creeping  waves.  As  before,  if  we  substitute  Eq. (b-7)  into 
the  reduced  wave  equation,  it  is  found  that 


•4?o  | V&f  J Ip  + <•>»  evp  &] 
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y 2,  V6  = 0 

( Lurf* 

vr^o  v 

This  equation  can  be  satisfied  by  setting  the  coefficient  of  the  p term,  and 
all  coefficients  of  each  power  of  (i»*>)  equal  to  zero.  Since  kQ  = w/c0, 


(b-10) 


2.  vs*  vu  m *+•  + e6v,um.A  = o 
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A 

where  the  index  m = 0,  1,  2,...,  and  U_j_  = 0.  The  first  of  these  equations, 

Eq. (b-10),  is  recognized  as  the  eikonal  equation  from  which  one  can  infer 

= nLr)l  (b-12) 

A 

where  the  unit  normal  X is  always  perpendicular  to  the  surface  of  constant 
phase  S and  is,  in  fact,  the  unit  tangent  vector  along  the  ray  at  any  point 
r.  Equation  (b-12)  is  a first  order  partial  differential  equation  which  can 
be  solved  for  S(r),  given  n(r)  and  an  initial  value,  S (rQ).  Once  S(r) 
is  determined,  Eq.  (b-ll)  can  be  solved  for  the  coefficients  Um>  That  is, 
using  Eq.  (b-12)  in  Eq.  (b-ll),  and  noting  that 


VS  • VUm  = ni  • vu„,  = n 
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we  can  write  Eq.  (b-ll)  as 


i 4-  (V?'S)Um  = - CcVlltm.i  :neoJi>V“ 

dJL 
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This  is  a recursive  system  of  equations  for  finding  Um  once  U -j.  is  known; 
hence,  a solution  for  U0  is  required  initially.  Setting  m = 0 and  noting 
that  U_1  = 0,  Eq.  (b-lU)  reduces  to  the  homogeneous  form 


+ ( V’s  An)u0  = o 

cJ  X. 
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which  in  general  form  is 


y (*)  t ?6o  = o 
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This  ordinary  differential  equation  has  the  solution  I BOAS  ~ 19 66] 


JJM  = <j<V>  [ " J } 


Hence,  the  solution  to  Eq.  (b-15)  iff 


'lV-0  = XUVl  e*p  j-V2 


(b-18) 


where  S and  n must  be  expressed,  parametrically,  in  terms  of  A,  the  distance 
along  the  ray.  To  express  S(J)  we  use  the  fundamental  definition  of  divergence 


vV  = V*vs 
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i rv\ 

AV-*0 


<b  7v> 


• a d A 


(b-19 ) 


where  ol  is  the  unit  "outward"  normal  to  the  closed  surface,  A.  Consider  the 
volume  element  as  shown  below. 


Now  if  we  take  the  limit  ~~  Ai  ->  0,  then  AY  ->  0 and  since  VS  = n£ 

i n Jt  • 3l  <i  A 
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Using  tills  result  in  Eq.  (b-l8]  yields 


H6U\  = U ,(JU  «*j> 


d ( 

=14'  1 


and  this  integrates  simply  to 


Vi0IX\  - 'Uq(Jo)  t*j>  [ - ti  In  (nd<r) 


or  finally,  inserting  the  limits  and  simplifying 


U.00  = TX,UL) 


\J 


nU)  d<r60 
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This  expression  gives  us  the  first  term  in  the  assumed  solution  of  Eq.(b-7), 
and  from  it  we  could  calculate,  recursively,  the  higher  order  terms.  This 
first  term  is  what  we  call  the  geometrical  acoustics  solution,  the  higher  order 
terms  represent  corrections  to  geometrical  acoustics;  "but,  as  mentioned  pre- 
viously, do  not  include  diffraction  effects.  We  are  primarily  concerned  here 
with  Eq.  (b-2l)  itself,  since  it  is  the  derived  form  of  what  is  usually  re- 
ferred to  as  the  principal  "law"  of  GA:  that  is,  Eq.  (b-2l)  establishes  that 
the  amplitude  of  the  GA  field  varies  inversely  as  the  square  root  of  the  index 
n(a)  and  the  differential  cross-sectional  area  of  the  tube  of  rays  predicted 
by  the  theory.  In  fact,  for  the  case  of  a homogeneous  medium  where  n(£)  = 
n(£0),  a constant,  this  same  dependence  on  cross-sectional  area  remains. 
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Consequently,  one  can  infer  that  the  energy  or  intensity  of  the  GA  field 
in  an  homogeneous  medium  varies  inversely  with  the  spreading  of  the  ray  tube. 

It  is  this  law  which  allows  us  to  proceed  and  develop  GA  formulas  for  target 
strength  and/or  back-scattering  cross-section. 

The  complete  first  term  representation  of  the  GA  field,  which  includes 
the  phase  as  well  as  the  amplitude  variation  is,  from  Eq.(b— 7) 

IPW  = { v$  jPjlf  • ^ 

Now  exp{ik0S(fc)}  can  be  written  in  the  form 

= e*f  Sx?  } 

and  since 


we  can  write  Eq.  (b-22 ) in  the  form 

{&««}•  \ ■ e^{i>0 j J 

The  first  two  terms  in  Eq. (b-23)  establish  a reference  or  initial  amplitude 
and  phase,  and  the  second  pair  of  terms  establishes  the  amplitude  and  phase 
dependence  along  the  ray.  It  is  worthwhile  to  consider  further  the  geometrical 
spreading  term  for  the  case  of  a homogeneous  medium.  In  this  case  n(Jt)  = 
n(£,0),  and  therefore  Eq.  Cb-23)  becomes 
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and  the  ratio  of  the  scattered  field  at  Z to  the  incident  field  at  ZQ 
is  simply 

f3  ^XVp  (A*)  = | (b-25) 


We  wish  to  study  the  significance  of  the  factor  / dac/dcr  . Let  us 
consider  a tube  of  rays  as  jhovn  below.  It  can  be  shown  that  the  most 
general  infinitesimal  bundle  of  rays  perpendicular  to  a given  surface 
(wave  front)  must  be  of  this  general  form. 
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The  line  segments  1-2  and  3-^  are  loci  of  the  intersections  of  the 
individual  rays  which  make  up  the  ray  tube.  These  are  segments  of  the 
so-called  caustic  surfaces.  The  distances  and  R2  of  a wave  front 
from  the  caustics  are  tue  principal  radii  of  curvature  of  the  wave  front. 

(The  principal  radii  of  curvature  of  a surface  at  a point  are  the  max- 
imum and  minimum  radii  of  curvature  among  curves  formed  by  the  intersection 
of  the  surface  with  all  normal  planes  at  the  point.  The  directions  of 
the  principal  curvatures  are  at  right  angles,  as  are  the  caustics.)  As 
special-  cases  we  may  have  the  caustics  coincide  in  a point  (called  a 
focus),  we  may  have  one  caustic  at  infinity  (cylindrical  wave),  or  both 
caustics  at  infinity  (plane  wave). 

The  differential  areas  da0  and  da  can  be  expressed  in  terms  of  their  re- 
spective principal  radii  of  curvature,  R]_  and  R2;  that  is 

dorc  _ CR , cL  Q)  <L  <p ) _ $ , 'R o,  ( *\ 

a<r  - D -a,i 1 

Or,  from  Eq,  (b-2l)  ^ uivVW,  - O 

ua  (jiyuo(o) 

The  field  U0(.4)  at  any  point  along  the  ray  path,  as  given  by  Eq.  (br£6)  is 
well  behaved  except  at  the  caustics  where  either  4 =-R1,  or  4=  -R2»  Hence  GA 


la. 
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(or  for  that  matter,  the  higher  order  Luneburg-Kline  theory)  is  not  valid 
at  caustics,  "but  these  theories  are  valid  on  either  side  of  the  caustics. 
The  effect  of  the  passage  of  a ray  through  a caustic  is  a discontinuous 
Jump  in  the  phase  of  the  solution  by  - tt/2  for  an  ordinary  caustic,  and 
by  it  for  a f-icus. 

Thus  far  we  have  discussed  GA  theory  as  it  applies  to  propagation 
within  a homogeneous  or  inhomogeneous  fluid  medium. ' We  wish  now  to  extend 
tb  i discussion  to  encompass  the  scattering  problem,  but  restricted  to  a 
homogeneous  medium. 

Consider  the  geometry  in  Figure  (b-l)  below: 


Figure  b.l 


Specular  Reflection 


A point  source  at  (x^,  y^,  z^_)  ensonifies  a doubly-curved  target,  which  in  turn 
scatters  energy  to  an  observation  point  (x2#1  y2,  z2).  The  center  of  the  co- 
ordinate system  is  chosen  to  lie  at  the  specular  point  with  the  z-axis  normal 
to  the  tangent  surface.  We  seek  the  GA  approximation  of  the  pressure  at  (x2, 
y2,  z2)  in  terms  of  the  pressure  at  some  reference  point.  We  choose  the  refer- 
ence point  to  be  the  specular  point  (the  origin)  since  we  can  determine  the 

incident  field  at  this  point  with  relative  ease. 

A small  differential  tube  of  rays  surrounds  the  central  ray  from  (x^,  y , 
z,)  to  (0,  0,  0)  and  intersects  the  scatterer,  defining  a differential  area 

daQ  on  the  scattering  surface.  A portion  of  the  incident  energy  may  be  re- 

fracted into,  or  absorbed  by,  the  scatterer  itself,  giving  rise  to  a reflection 
coefficient ,(^  . The  remaining  energy  scatters  back  into  the  fluid  medium 
such  that  each  reflected  ray  leaves  the  scatterer  tangent  plane  at  an  angle 
equal  to  the  angle  of  incidenceoC , measured  with  respect  to  the  normal  at  the 
spt  ular  point  along  the  positive  z-axis.  We  are  using  here  the  familiar 
law  of  specular  reflection.  The  divergence  (or  convergence)  of  the  ray  tube  at 
the  observation  point  is  a measure  of  the  acoustic  field  in  the  GA  approximation. 
Neglecting  phase,  we  use  Eq.  (b-23)  to  write 


PK  a*1  3,0 


U.  (0,0,  o)  /°Lg>  Co.o.o±.  I<2(o,o,o) 

\M<r  (b- 


Assuming  that^,  can  be  determined  from  flat  plate  theory  [ BREKHOVSKIKH  - 1965 ] 
and  in  general  is  a function  of  the  angle  of  incidence,  further  progress  depends 
on  the  development  of  the  ratio  drr^/da.  But  from  calculus  [WIDDER  - 1965 ], 
daQ/da  is  recognized  as  the  Jacobian  of  the  transformation  which  maps  (in  a 
one-to-one  fashion)  the  surface  at  z = 0 to  the  surface  at  z = z0,  or 


I 

i . 


where  x2f  and  y2 ' denote  variables  on  the  plane  z = z2.  Using  the  law  of 
reflection,  and  writing  the  equation  of  the  scattering  surface  in  form 

z = ax2  + by2  + . with  no  xy  term  (b-28) 


PRIMAKOFF  {19^7]  has  shown  that  da^/dcr  can  be  written  as 


CTO 


<A  cr 
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where  the  G*s  represent  various  curvatures  at  the  specular  point  and  G is 
related  to  the  radius  of  curvature  R by 


G|  = 1/R 


G is  a signed  quantity  and  is  negative  if  the  center  of  curvature  is  on  the 
side  of  the  surface  opposite  that  toward  which  the  normal  points  Cwhich  adjusts 
PRIMAKOFF  [19^7]  for  an  opposite  assumption  as  to  the  direction  of  the  surface 
normal ) . 

Gm  = (Gj  + G2)/2,  the  mean  curvature;  R^  and  R2  are  the  principal  radii 
of  curvature  at  the  specular  point  corresponding  to  the  principal  curva- 
tures, G]_  and  G2. 

Gg  - G}G2,  the  Gaussian  curvature. 

G^  - the  curvature  of  the  surface  in  the  plane  of  incidence  at  the 
specular  point. 

r^  - the  source  location,?-^  (x^,  y^,  z^) 

■+■  A -+• 

r^  = the  observer  location,  r2(x2,  y2,  z2 J , 
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Equation  (15-29)  in  conjunction  with  Eq,  Ch-2i+)  will  predict  the  GA  scattered 
field  in  a homogeneous  medium  for  any-  location  of  the  source  and  observation 
points.  However,  our  primary  interest  is  monostatic  hack-scattering  and  for 
these  conditions  0(  = 0 and  = r2*  Eq.  (b-29)  therefore  becomes 

cA  erq  _ I 


dcr  j 

To  obtain  cr^,  the  hackscattering  cross-section,  ve  use  Eq.  (a-£l+)  and  obtain 
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V,  00 

or,  using  Eqs.  (b-25),  (b-27),  and  the  above, 
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If  Gffl  and  Gg  are  bounded  and  non-zero,  this  limit  as  r-^  -*■  00  is 

= * C»  )<J? 
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a useful  and  widely  used  result.  If  |Gm|  approaches  " then  |Gg|  also  + 00  ^ 
as  would  occur  at  an  edge  or  vertex,  rhe  limit  in  Eq.  (b-3l)  then  exists,  but 
this  limit  is  zero.  The  GA  method  therefore  predicts  zero  a for  bodies  with 
physical  edges  or  corners  If  these  bodies  have  no  other  backscattering  specular 
points.  In  the  case  of  Gg  equal  to  zero,  the  limit  in  Eq.  (b-3l) 
does  not  exist,  and  the  method  fails.  Such  is  the  case  for  bodies  which  are 
flat  in  either  one  or  two  dimensions,  such  as  the  cylinder,  cone,  various  flat 
plates,  and  others.  This  failure  of  the  method  for  the  case  of  Gg  equal, 
to  zero  does  not  mean  that  GA  itself  fails,  but  only  that  the  GA  method  will 
fail  to  predict  the  three-dimensional  Infinite  range  expression 
A GA  field  does  exist  if  either  r^_  or  r2  (or  both)  are  finite. 
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We  see  then  that  we  cam  apply  Eq.  Cbi-32 ) at  the  specular  point  on  any 
doubly-curved  surface  as  long  as  the  principal  radii  of  curvature  are  finite. 

For  strictly  convex  surfaces  (see  definition  in  section  B.3.5)  only  one  specular 
point  will  exist  for  back-scattering.  However,  for  non-couvex  surfaces,  two 
or  more  specular  points  may  exist  and  the  situation  is  further  complicated  by 
multiple  scattering  phenomena.  This  relatively  complex  situation  is  discussed 
more  fully  in  section  B.3.6. 

To  apply  Eq.  (b-32)  to  any  single  specular  point,  one  must  know  the  prino' ' 1 
radii  of  curvature  Rq  and  R2*  *n  addition  to  the  reflection  coefficient^, 
available  [BREKHOVSKIKH  - 19 6 5 ] for  most  homogeneous  fluids  or  elastic  solids. 

The  principal  radii,  R^  and  R2,  can  be  determined  easily  for  many  simple  surfaces 
using  the  two-dimensional  expression  for  curvature,  G,  from  calculus  lHART  - 1957]. 
That  is,  since  radius  of  curvature,  R,  is  the  reciprocal  of  |g|. 


is 
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However,  if  the  surface  is  not  simple  and/or  the  piincipal  normal  planes  are 
not  obvious  by  inspection,  then  one  must  resort  to  the  methods  of  differential 
geometry  [EISENHART  - 1964]  to  calculate  the  principal  radii.  If  the  equation 
of  the  surface  in  the  neighborhood  of  the  specular  point  is  written  in  the  form 
z = f(x,  y) , then  the  product  of  the  principal  radii  is 


[f** 


(b^34) 
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Other  prescriptions  from  differential  geometry  may  be  used  to  calculate  RjR2 
if  the  equation  of  the  surface  is  given  in  other  forms;  e.g. , F(x,y,z)  = 0 
or  parametrically  as  x * x(u,  v) , y = (u,  v)  z = z(u,  v);  see  CRISPIN  I1968]. 

In  Eq.  (b-34)  above,  R-^  ©val'ua'fcefi  ©t  the  specular  point,  zQ  = f(xQ,  yQ), 
or  in  the  geometry  of  Figure  (b-l)  at  the  point  (0,  0,  0). 

B.3  APPLICATIONS 

In  this  section  a number  of  examples  of  the  application  of  the  GA  method 
will  be  sh-wn.  We  shall  calculate  the  sonar  c.s.  of  various  acoustically  "hard" 
bodies  when  ensonified  by  a plane  harmonic  wave.  Only  finite  bodies  will  be 
considered. 

B.3.1  THE  ELLIPSOID  AND  ITS  DEGENERATE  FORMS 

The  incoming  plane  wave  is  incident  from  a direction  (0 , $ 1 and  the  ellip- 
soid is  oriented  in  an  x-y-z  coordinate  system  as  shown  below 


The  sonar  c.s.  is  from  Eq.  (b-32)  equal  to  «hene  R]_  and  R2  must  be 

evaluated  at  the  specular  point.,  along  the  direction  C0j$  ) on  the  ellipsoidal 
surface.  The  product  R^Rg  can  be  obtained  from  Eq,  (b-3^)  if  the  equation  of 
the  ellipsoidal  surface  is  expressed  in  the  form  z = f(x,  y).  In  rectangular 
coordinates  the  equation  of  the  ellipsoid  is 
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Therefore 


» 3 ± c y.  - ctv- c*>fc  y1 


Using  (b-3^)  we  obtain 


Now  transforming  from  rectangular  to  spherical  coordinates. 


r ,a-^ * q 1 C’*0 


a ' * gf* 

G r*  ^ r • 
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But  this  equation  expresses  the  product  R-jRg  in  terms  of  the  surface  coordinates 
of  the  radius  vector,  r,  as  measured  from  the  origin  in  two  dimensions  (see 
Figure  (b-2),  below) 


z „ / . * ^ > 


tangent  plane 


Figure  b-2.  Relationship  between  the  Wave 
■Vector  and  Surface  Coordinate 


It  is  seen  that  the  angular  coordinates  (unprimed)  of  the  wove  vector  k do  not 
correspond  to  these  surface  coordinates  and  a transformation  between  the  two  is 
required.  If  one  observes  that,  at  any  specular  point,  the  wave  vector  k and 
the  surface  normal  n are  anti-parallel,  then 


The  solution  to  the  above  will  yield  the  wave  vector  coordinates  (un- 
priced) at  the  specular  point  in  terms  of  the  surface  (primed)  coordinates. 

* * A 

Thus)by  expressing  fc.  and  n in  spherical  coordinates,  unprimed  and  primed 
respectively,  and  using  Eg.,  (b-38)  ve  can  obtain  (after  much  algebra) 
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bale's  (-f)*  f + (t)  2 ip  Q ^ 


Substitution  of  Eg.  (b-39l  into  Eg.  (h-37 ) will  yield  the  product  R^Rg  or 
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For  the  prolate  spheroid,  a = b and  c>a.  Eg.  (b~Uo)  reduces  to 


<r  = tf  c*/{aJ-  s*A2e  + c *■  c«>slfl 
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For  the  special  case  of  axial  incidence,  6=0 

<T=  TTo.4/cr  ;c>«, 

Fo'r  be«'nn  ivncicieMc€)  © =.  TT/2. 

<r  = -rrc2- 

and  a suprisingly  becomes  independent  of  a. 
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For  the  oblate  spheroid,  a = b,  Eg. (b-40)  reduces  again  to  (b«4l)  but 


here  c < a. 
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For  axial  incidence, 
^ a* 

o'  = ^ T1  > 


0 = 0 
C.  £ 
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For  "edge-on"  incidence,  0 = ft/2 

r , K C 1 (*-*5) 

and  again  a is  independent  of  a, 

B.3.2  THE  CYLINDER 

For  a finite  right  circular  cylinder  of  length.  2j(  and  radius  a (below) , 


the  backscattered  GA  field  is  zero  for  0 in  the  open  intervals  0<8<90°  and 
90°  <•'«  180°;  hence,  a = 0.  This  result  obtains  because  the  direction  of 
the  specular  reflection  is  never  in  the  back  direction  for  6 in  these  intervals. 
For  the  special  angles  of  incidence  6=0  and  l80°  as  well  as  90°,  there  does 
exist  a back-scattered  field,  but  one  or  both  principal  radii  of  curvature  are 
infinite.  This  situation  has  been  previously  discussed  In  connection  with  the 
development  of  the  limiting  form  of  the  three-dimensional  back-scattering  cross- 
section  a in  Eq.  (b~3l).  The  conclusion  vas  that  crw  (which  is  not  physically 
reasonable)  and  hence  the  method  falls. 
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B. 3.3  THE  CONE 


The  curvature  at  every'  point  oh  the  surface  of  a right  circular  finite 
coue  in  Figure  (b-3)  Is  either  zero  or  infinite. 


Figure  "b-3.  Geometry  of  the  Right  Circular  Finite  Cone 

A specular  point Cs)  exists  at  0=>  ir/2'-®C  and  at  0 ® it.  At  these  aspects, 
however,  one  or  both  of  the  radii  of  curvature  are  infinite,  hence  the  method 
fails.  At  all  other  aspects  no  specular  point  exists  and  the  GA  prediction  of 
a must  he  zero.  Therefore,  like  the  finite  cylinder,  GA  can  provide  no  useful 
information  concerning  <r  for  this  body. 

B.  3. 1*  THE  FLAT  PLATE 

Like  the  cylinder  and  cone,  the  curvature  at  every  point  on  the  flat  plate 
of  any  boundary  shape.  Is  either  zero  or  Infinite.  GA  can  provide  no  useful 
information  concerning  o tor  this  body. 

B. 3.5  ANY  CONVEX  BODY 

A convex,  three-dimensional  body  is  one  for  vhich  the  line  Joining  any  two 
surface  points  will  not  exit  the  body.  If  the  body  is  strictly  convex,  only 
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the  endpoints  of  the  line  Joining  the  two  surface  points  will  he  coincident 
with  the  boundary*  surface.  Illustrations  of  convex,  strictly*  convex,  and 
non-convex  bodies  are  shown  below. 


non-convex 


A strictly-  convex  body  will  have  one  and  only  one  specular  point  independ- 
ent of  the  direction  of  the  incoming  plane  wave.  The  specular  point  is  co- 
incident with  that  tangent  plane  which  is  perpendicular  to  the  direction  of  the 
incoming  wave  on  the  ensonifled  side  of  the  body. 

The  sonar  c.s.  of  a strictly  convex  body  exists  for  all  directions  of  the 
incoming  plane  wave  and  is  equal  to  • The  product  RpR2  can  be  evaluated 

at  the  specular  ooint  using  an  approximate  description  (equation)  of  the  surface 
at  that  point.  In  rectangular  coordinates,  one  can  write  this  equation  as 

0 s CL^T  -V  +*••  or«ier (b-46) 


In  the  vicinity  of  the  specular  point  (recall,  the  specular  point  is  by 
definition  at  the  origin)  we  can  neglect  the  higher  order  terms.  Further 
simplication  of  Eq.  (b-l*6)  is  possible  to  eliminate  the  cross-term:,  cxy.  A 
transformation  of  the  coordinate  axes  to  effect  a rotation  of  the  x and  y axes 
about  the  z axis  by  an  angle  ^ satisfying 


Cb-i+T ) 
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will  eliminate  the  cross-term  I WILSON  - 19^9J.  The  resulting  equation  of  the 
surface  in  the  new  (primed)  coordinate  system  will  he  of  the  form 


Vi  OlVZ  b b'lj'*  CW.81 

Now  it  is  a simple  matter  to  obtain  the  product  R]B2  from  Eq.  ("b— 3b).  It  is 

pp  _ 1 1 ±(  Cb-49) 

K,Ki‘  I 4 a.'  b'  | 

The  specular  point  is  at  the  origin  (x*  ■ y*  « 0);  therefore 
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If  the  body  has  "flattened”  suh -surfaces  and  is,  therefore,  only  convex, 
then  one  or  both  principal  radii  of  curvature  will  be  infinite  on  these  sub- 
surfaces. In  such  cases,  examples  of  which  have  already  been  discussed  (the 
finite  cylinder,  cone,  and  flat  plate),  the  prediction  of  the  three-dimensional 
o,  using  the  GA  method,  fails. 

B. 3.6  NON-CONVEX  BODIES 

The  calculation  of  <r^  for  bodies  which  are  neither  convex  nor  strictly 
convex  is  relatively  complex.  This  complexity  results  from  two  causes,  (l) 
multiple  specular  points,  and  (2)  multiple  reflections  (scatterings)  as  illustra- 
ted helov  in  Figure  (b.U) 


The  returns  1 and  2 are  single  specular  scatterings  from  convex  sub- 
surfaces. Return  3 is  a single  specular-  scattering  from  a concave  sub- 
surface. Return  U is  one  of  the  many  double  scatterings  which  can  occur  and 
there  are,  in  addition,  higher  order  multiple  scatterings.  If  we  ignore,  for 
the  moment,  the  multiple  scatterings  then  the  three  single  specular  returns 
can  be  combined  to  yield  the  single-scattering  cross  section  agg  by  accounting 
for  the  relative  phase  differences  between  the  highlights,  or 
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or,  for  H specular  points  by 
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(b-52) 


Since  only  the  relative  phase  is  important,  ij>^  maybe  set  equal  to  zero.  In 
Eq.  (b-52)  above,  <f> * is  given  by 


Ob-53) 


where  d?  is  the  distance  from  the  reference  highlight  to  the  highlight 

%t 

measured  along  the  direction  of  the  incident  wave  (ray).  It  is  important  to 
note  that  (for  the  first  time)  a frequency  dependence  has  "crept  in"  to  a geo- 
metrical acoustics  formula  for  a by  virtue  of  the  \ dependence  in  Eq.  (b-53). 

If  the  body  is  very  irregular  and  exhibits  a large  number  of  specular  points 
which  are  randomly  distributed,  then  a good  estimate  of  the  single  scattering 


cross-section  a can  be  obtained  by  averaging.  That  is,  if  we  let 
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then 


4 x *4  W i /, 

M ■ <*7  + JL  Z1  (1.-55) 

j=i  i‘i  j.i 

(iy  i) 


If  the  phases,  or  4>j*  are  randomly  distributed  with  a uniform  probability 

density,  then  each  term  in  the  second  series  set  abcv>i  has  a mean  or  expected 

2 

value  of  zero.  Therefore,  the  expected  value  of  |b(|  is 

G75  * e[Ms1=  ZI  afi  c*'56) 

i = l 

Generally,  Eg.  (b-56)  will  suffice  for  most  predictions  where  the  variability 
of  or  is  not  important  — otherwise  E$.  Cb-52)  must  he  used. 

Thus  far,  we  have  dealt  with  one  of  the  complexities  associated  with 
non-convex  bodies  — multiple  specular  points}  but  we  have  yet  to  consider  the 
effect  of  multiple  scatterings.  Return  '4  in  Figure  Cb^l*  ) contributes  to  the 
back-scattering  cross-section  after  having  scattered  twice  from  the  target  body. 
In  general,  one  or  more  double  scatterings  will  occur  depending  upon  the  geometry 
of  the  scatterer.  It  is  probable  that  the  double  and  higher  order  scatterings 
will  be  weaker  than  single  scatterings  as  a result  of  the  additi  \ spread- 
ing that  occurs  at  each  specular  point.  However,  the  strength  of  each  multiple 
scattering  also  depends  upon  the  curvatures  at  each  scattering  point  along  the 
path  and  in  some  cases  (a  flat  section)  there  may  be  no  spreading,  and  in  others 
( a concave  section)  the  rays  will  converge.  In  Figure  (b-5)  one  can  see  that 
one  of  the  conditions  for  the  existence  of  a monostatic  double  scattering  in 
two  dimensions  is 
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For  each  surface  point  in  the  ensonified  region,  a reflected  ray  along  k due 

a 

to  an  incident  ray  along  k^  determines  ^ + <j>2  "by  the  law  of  reflection.  The 
second  intersection  of  k'vith  the  surface  (but  it  may  not  intersect)  similiarly 
determines  8^  + 8^. 


Figure  b-5.  The  Geometry  for  a Monostatic  Double  Scattering 
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Then,  if  Eq.  (b-57 ] is  satisfied,  a double  scattering  vill  occur.  The 
existence  of  higher  order  scatterings  can  he  determined  by  extending  this 
process.  In  three  dimensions,  the  condition  analogous  to  Eq.  (b-57),  for 
a monostatic,  double  scattering,  £s 
* - - !>/ 


(i.v)  + K-l) 
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where  z is  the  unit  vector  in  the  positive  z Cincident)  direction. 

Once  it  has  been  determined  that  double  or  higher  order  scatterings 
can  exist,  then  the  amplitude  and  phase  of  the  multiple  scattering  can  be 
determined  by  repeated  applications  of  Eq.  (b-2^).  After  the  multiple 
scattering  cross-sections  are  found  for  each  possible  path,  they  can  be 
added  to  the  single  scattering  cross-sections  to  yield  a.  That  is,  In 
analogy  to  Eq.  (b-52) 
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or,  in  analogy  to  Eq,  (b-56) 
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This  process  of  accounting  for  multiple  scatterings  can  be  very 
laborious  and  few  specific  results  exist.  The  example  of  tvo  spheres  of 
equal  radii  has  been  vorfced  out  by  CRISPIN  I 1968;  pg.  259D. 
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b.4  conditions  of  applicability 


Of  extreme  Importance  to  practitioners-  Is  the  question  «-  when,  and  under 
what  conditions,  will  the  GA  prediction  yield  an  accurate  result?  We  have  seen 
from  Section  B.2  that  the  complete  Luneburg-Kline  series  is  an  exact,  hut  asymp- 
totic, result  when  the  scattering  body  is  smoothly  curved  and  infinite  in  ex- 
tent; even  here,  however,  the  prediction  breaks  down  at  caustics * In  addition, 
all  targets  of  practical  interest  are  finite,  exhibiting  shadow  boundaries  and 
perhaps  physical  edges  and  tips.  These  boundaries  of  the  target  will  give  rise 
to  diffraction  phenomena  which  sure  in  no  way1  accounted  for  by  GA  theory.  Hence, 
even  when  the  frequency  is  sufficiently  high  to  warrant  the  use  of  the  Luneburg- 
Kline  asymptotic  series,  GA  will  be  in  error,  due  to  (l)  exclusion  of  the  higher 
order  terms  of  the  series  and  (2)  neglect  of  the  diffraction  effects.  It  is 
generally  not  possible  to  make  broad  sweeping  statements  regarding  the  con- 
ditions under  which  these  corrections  can  be  neglected.  However,  some  guidance 
can  be  offered. 

The  GA  solution  to  a scattering  problem  makes  use  of  the  first  term  in  the 
Luneburg-Kline  series,  and  this  series  is  valid  in  the  limit  as^-*  0 or  U) oO , 
To  justify  the  neglect  of  the  second  and  higher  order  terms  in  this  series  (Eq, 
(b-7))  it  is  sufficient  that 


turn 
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For  m a 1,  and  since  and  are  independent  of  frequency,  it  is  clear  that 
the  criteria  in  Eq.  (b-59)  above  can  be  satisfied  for  sufficiently  large  (/J 
independent  of  the  particular  values  of  and  U^,  These  criteria  can  also  be 
satisfied  if  |u^|  is  sufficiently  small  relative  to  fu^l j however,  no  generally 
useful  results  have  been  obtained  I BOWMAN  - 1969;  p.  2 6].  Results  specific  to 
particular  body  shapes  have  been  derived  (for  example,  KELLER  I 1956]  and 
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SCHENSTED  I 1955 ] ) but  these  results,  although,  interesting,  art-  not  sufficient 
to  establish  general  criteria  for  the  validity  of  (b-59). 

More  explicit  criteria  for  the  validity  of  GA  can  be  obtained  from  a 
consideration  of  the  flat  plate  (or  tangent  plane)  assumption  discussed  on 
page  B~\2*  Such  an  assumption  can  be  justified  only  if  (l)  the  minimum  radius 
of  curvature  at  the  specular  point  satisfies 

» X (b-60) 

and  (2)  the  minimum  dimension  (say  D)  of  the  body  in  the  vicinity  of  the 
specular  point  satisfies 

yfcD  >>i  or  D » \ (b-61) 

Hence,  GA  would  fail  for  vertices  and  edges, and  scattering  from  these  centers 
must  be  calculated  by  methods  of  diffraction  theory.  However,  these  diffracted 
fields  are  inversely  proportional  to  some  (possibly  fractional)  power  of  k and 
are  therefore  dominated  by  a non -zero  GA  field,  Bor  example,  let  us  compare 
scattering  by  a hemisphere  and  by  a cylinder  (Figure  b-6) 


Figure  b-6.  Zero  and  Non-Zero  GA  Fields  for  a Hemisphere  and  Finite  Cylinder 
The  GA  field  vanishes  except  in  the  specular  direction.  Hence,  according  to 
GA  there  is  back- scattering  from  the  hemisphere  but  not  from  the  cylinder. 
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For  the  hemisphere,  edge  diffraction  gives  a higher  order  correction  to  the 

2 

GA  cross-section  ira  , vhereas  for  the  cylinder  the  cross-section  is  entirely 
due  to  diffraction. 

GA  also  fails  for  insufficient  target  dimensions.  For  example,  consider 
the  GA  prediction  for  a for  the  hard  sphere  and  prolate  spheroid  (axial 
incidence).  For  the  sphere  (see  Fig. 2. 3-2). 

k £ w - )?  cc 

and 

k ^ cu 

For  ka  = 1.0  the  error  in  the  normalized  cross-section  prediction  is  approx- 
imately 50 % when  compared  to  the  exact  solution.  At  ka  = 10  or  "beyond  the 
error  is  less  than  10$.  For  the  10:1  prolate  spheroid  Csee  Fig. 2, 3-6) 

W ^ ^ * kev  /£>  * ^b|lOO 

and 

k ID  * A kev  = k.b/5 

To  satisfy  the  criteria  Eq,  (bT60)  and  Eq.  (b-6l),  kh  must  be  p^IOO;  hence,  it 
is  not  surprising  to  see  such  poor  correlation  between  the  GA  and  exact  results 
for  the  range  of  kb{a h£o)  plotted. 

Regions  in  which  a zero  GA  field  is  predicted  simply  exclude  the  specular 
directions  and  this  prediction  results  from  the  neglect  of  diffractic  and 
higher  order  terms  in  the  Luneburg-Kline  series.  In  the  cylinder  example,  the 
back-scattered  direction  falls  in  one  of  these  zero  field  regions;  hence,  the 
prediction  of  cr^  is  zero.  A similar  situation  would  occur,  for  example,  for 
flat  plates,  finite  cones,  polygons,  and  others.  It  is  difficult  in  general 
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to  estimate  the  inaccuracy  of  this  zero-field  prediction,  and  no  general  guide- 
lines can  be  given.  Nevertheless,  a thorough,  study  of  the  flat  circular  plate 
problem  (for  which  an  exact  solution  exists)  vould  be  very  revealing. 

Finally,  we  discuss  the  conditions  for  applicability  of  the  GA  method 
with  regard  to  the  far-field  approximation.  Actually,  the  GA  prediction 
equation  I(b-27),  using  (b-30)],  is  valid  both  in  the  near-and  far-fields  of 
the  scattering  body.  The  only  far-field  approximation  made  was  that  associated 
with  the  development  of  in  Eq.  (b-3l)  and  specifically  that 


Using  the  curvature  definitions  following  Eq. (b-29),  these  far-field  criteria 
become 

r,  » +■  7 <?*. 

and 

* t ■*>  ^ Ch-63) 

Since  R-j_  and  R2  must  be  finite  for  the  three-dimensional  to  exist,  the 
relations  Eq.  (b-62)  and  Eq.  (b-63)  can  be  replaced  by 

Cb-6U). 

''i  *>  - a.  x (?  3.  \ 

If  Rj  or  R2  are  very  large,  then  must  be  very  far  away  from  the  target  body 
(perhaps  this  explains  why  GA  fails  when  or  R2  ®t).  Note  also  that  Eq, 

(hi— 61+ } is  frequency  independent,  but  that  an  a priori  criterion  for  the  validity 
of  GA  was  that  Rmfri  »A. 

B. 5 EXTENSIONS  OF  THE  GEOMETRICAL  ACOUSTICS  METHOD 

It  is  somewhat  presumptuous  to  attempt  to  introduce  new  improvements  or 
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extensions  of  the  GA  method  since  a large  part  of  the  literature  on  scattering 
theory  for  the  past  two  centuries  has  "been  devoted  to  this  topic.  The  Keller 
and  Kirchhoff  theories  are  already  viewed  by  most  as  extensions  of  GA  - but 
these  theories  seek  to  account  for  diffraction  phenomena!  It  is  perhaps 
desirable  then  to  consider  only  those  extensions  which  exclude  diffraction, 
since  otherwise  we  would  have  to  consider  practically  every  related  development 
in  scattering  theory  since  the  seventeenth  century.  If  we  exclude  theories 
which  account  in  some  way  for  diffraction,  we  are  led  immediately  to  the 
Luneburg-Kline  theory.  This  theory  and  the  resulting  asymptotic  series 
solution  has  been  rigorously  shown  by  the  authors  to  be  a valid  representation 
of  the  scattered  field  from  smoothly  curved  bodies  which  cast  no  shadow;  i.e. , 
a restricted  class  of  infinite  or  semi -infinite  bodies.  For  large,  but  finite, 
bodies,  it  is  conceivable  that  the  higher-order  Luneburg-Kline  terms  could  add 
a significant  correction  to  the  first  (GA)  term,  and  at  the  same  time,  dominate 
any  contribution  due  to  diffraction.  It  is  conjectured,  however,  that  this 
situation  would  be  rare.  It  is  much,  more  likely  that  the  higher  order  Luneburg- 
Kline  terms  would  be  significant  when  diffraction  effects  are  also  significant. 
Such  is  the  case,  for  example,  in  the  work  of  SENIOR  I 19^5]  on  the  sphere. 
Suffice  it  to  say  that  the  Luneburg-Kline  theory  is  always  available  if  needed, 
and  it  does  not  seem  likely  that  any  better  non -diffractive  theory  will  emerge. 
An  exposition  of  this  method  with  many  examples  is  given  by  KELLER,  LEWIS  and 
SECKLER  1 1956]. 
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appendix  c 


KIPCHHO"T  THEORY 


In  thin  appendix,  wo  shall  discuss  an  anmroxinate  method  for 
sonar  cross-section  (c.s.;  calculations  based  on  rchhoff * s ap- 
proximation in  tho  thsory  optical  diffraction  [SCHOCH  - 1950, 
and  BOUWKANP  - 1954],  with  sone  modifications,  the  theory  has 
been  extensively  used  in  calculations  of  radar  cross  sections 
[P.TTCK  - 1970],  and  in  this  connection,  it  became  known  as  the  me- 
thod of  Physical  Optics" . By  analocy,  it  could  have  been  named 
"Physical  Acoustics"  in  the  present  context,  but  this  tern  has 
already  been  preempted  by  another  subficld  of  Acoustics.  Wn 
shall  thus  use  the  designation  "Kirchhoff  Approximation"  even  for 
the  modified  version  o£  tho  original  Kirchhoff  theory. 

C. 1 GENERAL  DESCRIPTION 

Kirchhoff ’s  theory  has  originally  been  formulated  for  the 
diffraction  of  (scalar)  lierht  by  an  opening  in  a screen  [JACKSON  - 
1962].  It  proceeds  by  expressing  with  the  help  o*  Green's  the- 
orem, the  field  at  the  point  of  observation  in  terms  of  a surface 
integral  containina  the  values  of  the  field  and  of  its  derivative 
on  a boundary  (in  this  case,  the  area  of  the  opening  in  the  screen) 
If  this  surface  field  were  known,  the  solution  at  the  observation 
point  would  likewise  be  known.  Since  the  former  is  not  the  case, 
the  Kirchhoff  assumption,  is  made  that  in  the  surface  integral,  tho 
values  of  the  field  and  of  its  derivative  may  be  taken  as  those  gi- 
ven by  the  plane  incider, it  wave.  This  approach,  in  an  intuitive  way 
may  be  considered  the  first  step  in  an  iteration  method,  but  there 
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exists  very  little  justification  for  this  procedure  to  yield  con- 
vergent results.  Nevertheless,  in  many  cases  and  when  applied 
judiciously,  the  Kirchhoff  method  does  lead  to  surprisingly  good 
results  when  compared  with  known , more  exact  solutions;  but  it  may 
also,  in  other  situations,  give  grossly  wrong  answers,  especially 
if  used  blindly, 

Uhen  applied  to  the  sonar  c.  s,  problem,  the  original  Kir- 
chhoff method  must  be  modified  due  to  the  fact  that  we  deal  with 
a scattering  body  rather  than  an  opening  in  a screen,  and  due  to 
the  curvature  of  its  surface.  Accordingly,  in  analogy  to  "Physi- 
cal Optics",  the  following  modifications  are  introduced: 

(1)  Tangent  plane  assumption:  Each  element  of  surface  area 

is  treated  as  a part  of  a plane  tangent  to  the  surface  element, 

(2)  Modified  Kirchhoff  assumption:  The  total  surface  fields 

p(r)  | and  '$p(r)|  are  taken  as  those  of  the  incident  plus  the  re- 
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fleeted  wave  above  the  (infinite)  tangent  plane  at  each  surface 
element.  In  addition,  the  fields  on  the  shadow  side  of  the  scat- 
terer  are  set  equal  to  zero. 

These  assumptions,  again,  aro  only  intuitively  justified, 

(The  tanaent  plane  assumption  may  only  vaauely  be  considered  to 
be  correct  for  the  case  of  wavelengths  small  as  compared  to  the 
radii  of  curvature  at  all  points  of  the  ensonified  surface) . 
Accordingly,  there  is  no  rigorous  way  of  gauaing  the  accuracy  of 
the  Kirchhoff  approximation.  Nevertheless , it  has  found  wide- 
spread application  because  of  its  simplicity  and  because,  as  men- 
tioned, of  its  sometimes  surprisingly  (albeit  unpredictably)  good 
results.  Its  main  failures  seem  to  come  from  the  regions  of  sha- 
dow boundaries  in  the  surface  integral,  especially  where  our  as- 


sunntion  ot  zero  ^ield  in  the  shadow  introduces  discontinuous 
changes  ot  surface  fields  on  the  shadow  boundaries,  as  will  he  il- 
lustrated below.  Integrations  up  to  such  shadow  boundaries  will 
therefore  have  to  be  eschewed,  which  point  we  alluded  to  before  by 
"judicious  application"  ot  the  method. 


C.  2 THEORETICAL  BASIS 

In  the  following,  we  shall  go  through  the  mathematical  steps 
o*  the  Kirchhotf  method  in  some  detail. 

C.2.1  FREE-SPACE  CREEP'S  ^UHCTIOH ; KIPCHHOTT'S  IDE!  IT  I TV 

The  Green's  function  G (£,?')  of  free  space  (i.e.  in  tho  ab- 
sence o-^  an*'  boundaries)  is  defined  to  satisfy  tho  Helmholtz  li- 
quation with  a unit  point  source  located  at  r'  : 


(V2  + k2)  G (r ,r ' ) = S(r-x') 

The  point-source  ^-function  is  defined  by 


(C.2.1-1) 


<5  (r-r ' ) = 0 

/f(r)  <5  (r-r 1 ) d3r  s f(r'). 


Calling 


r ? r'  ; 


(C,. 2.1-2) 


we  have  the  well-known  expressions  [MORSE  - 1953]  for  the  froe- 
space  Green's  ^unction  in  three  dimensions: 


G(r,r9) 


-1 

4irp 


exp  { ikp } 


(C.2.1-4) 


and  in  two  dimensions: 


G(r,r')  = !—  Ilj  ^ (kp) 
4i 


(C.2.1-5) 


In  order  to  derive  Kirchhoff* s identity,  wo  multiply  Eq.  (C.2,1-1) 
l>y  p(r);  further,  we  multiply  the  free  Helmholtz  equation 

(V2  + k2)  p (r)  = 0 (C.2.1-6) 

by  G(r,?')  and  subtract  from  the  previous  result,  yieldina 

p (r)  v2G  (r ,r ' ) - G (r,r ' ) V2p  (?)  =p(r)6(r-r')  (C.2.1-7) 

VJe  now  integrate,  / d3r,  ot'er  a volume  V which  does  not  contain 
any  sources  [or  else,  Eq.  (C.2.1-6)  would  not  hold].  This  leads 
to 

/v[p  (?)  v2G(r,r')  - G (r  ,r ' ) v2p (r)  ] d*r  = p(r')  (C.2.1-8) 

'Jo  use  now  "Green's  Theorem"  [JACKSOd  - 1062]: 

A,UV2')'-H'V2<{>)  d3r  » f («V¥-'P7*)  *dA  (C.2.1-9) 

V v S 

’./here  S is  the  cloned  surface  bounding  the  volume  V,  and 

dA  - ft  dA,  (C. 2. 1-10) 

n being  the  outward  unit  normal  to  S.  Exchanging  now  the  nota- 
tion  r •* — ► r',  and  using  the  symmetry  o^  G(r,r')  under  this 
operation,  we  get 

P(r)  = /s  [ p ( r ' ) v • g ( r , r ' ) - G (r  ,r  • ) $ ' p (r ' ) ] *?tK ' . 

(C. 2. 1-11) 

This  equation  is  sometimes  calles  "Kirchho^f ' s Identity".  Mote 
it  is  only  true  ir  the  ooint  r lies  inside  5;  ic  it  were  outside. 
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the  left-hand  side  would  be  zero  instead  or  n(r)  since  the  singu- 
larity of  the  6-function  is  then  outside  or  the  intearation  vol- 
ume. 

Eq.  (C. 2. 1-11)  is  an  integral  equation  since  the  unknown 
pressure  p(rj  occurs  not  only  outside  the  integral,  but  also  in- 
side it  where  the  values  nc  p(?) | and  of  fi.Vn(r) ] have  to  be 
known.  It  is  not  possible  to  make  this  a known  integral,  by 
specifying  both  p(r)  and  on  the  aiven  surface  G (in  the 

sense  of  a boundary  value  problem):  see,  e.^.,  [JACKGON  - 1962] 

who  shows  that  for  a solution  of  the  wave  (or  Helmholtz)  oqun- 
tion,  specifying  both  n and  rt.vp  overueterm.ines  the  problem, 

C . 2.2  KIPCIIHOFF— RAYLEIOH  INTEGRALS 

Me  now  consider  a surface  S on  which  the  conditions  of  a 
soft  boundary  [Eq.  ( a-73) , or  Dirlchltst  boundary  ccnditionl-, 

p(r)  ls  = 0 (C. 2. 2-12) 

or  of  a ricid  boundary  [Eq.  ( a-75) , or  Neumann  boundary  con- 
dition] , 

= 0 (C. 2. 2-13) 

S 

hold*.  Both  cases  are  recognized  to  cive  an  impenetrable  boundary. 
Inserting  in  Eq.  (C. 2, 1-11),  we  then  find  the  two  simplified  ex- 
pressions 


*Scattering  objects  of  practical  interest  , such  as  submerged 
steel  vessels,  behave  approximately  as  rirrid  bodies  and  will  be 
treated  as  such.  This  condition  is  not  completely  satisfied,  how- 
ever; only  for  a metal  object  in  air,  e.a.,  would  it  bo  substan- 
tially true. 
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p(r)  = f p(r' ) V 'G(r,r ' ) .ndA' , riaid  s (C. 2. 2-14) 

b 

p(?)  = -f  G(? ,r • ) $'p(r' ) .ndA' , so^t  S (C. 2. 2-15) 

s 

Both  are  still  integral  equations,  since  one  of  p,  n.^p  was  pre- 
scribed on  S so  the  other  cannot  be  known. 

Now,  we  specialize  to  an  incident  sianal  in  the  form  of  a 
plane  wave,  Eq,  (C.2,2— 1) , i.e.  the  solution  of  the  wave  equation 
whose  source  is  infinitely  far  away . Then,  we  my  choose  S as 
the  sum  of  S , the  surface  of  the  scatterer,  and  of  S , the  sur- 
face  o^  a sphere  of  radius  U -*■  °°  (3o  that  the  source  of  the  in- 
cident plane  wave  always  remains  outside  £ ) . The  integration 

CO 

volume  V is  hence  the  volume  o£  all  space  outside  the  scatterer. 
For  the  surface  portion  £ , we  cannot  use  Eqs.  (C. 2. 2-14), 

(C.2.2— 15)  since  wo  cannot  assume  C as  impenetrable;  hence* 

co 

(for  a riaid  scatterer)  ; 

p(r)  * f [G (r ,r ' ) ^' p (r ' ) - p (r • ) G (r ,r ' ) ] .ndA’ 

00 

p ( r 1 ) ^ ' G ( r , r ' ) . ndA ' , (C.2.2-ir>) 

■» 

We  can  decompose 


with 


p(r) 


n.  (r) 

me 


P (r) 
sea 


(C. 2. 2-17) 


pinc^r)  “ p exp{ijc.r} 


(C. 2.2-18) 


(where  the  harmonic  tine  factor  exp  { -iu»t } is  always  understood). 


*In  the  following  we  take  n as  the  outward  normal  t.o  S (and  the 
inward  normal  to  S . ) — — — s 

oo  ' 
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From  Eq.  ( a-66),  one  has  asymptotically*: 

p (P/r)  f (r ) exp{  ikr } (C. 2. 2-19) 

rsca 

It  follows  *rom  the  linearity  of  the  wave  equation  that  Eq.  (C.  2. 2-16) 

holds  for  n.  and  p separately  ("nrinciple  op  linear  super- 
xnc  sea 

positi^")  . 

On  SM,  we  have  ?'  -*•  » (while  the  observation  noint  r is  in 
the  finite  domain) , and  thus  need  the  correspondin'^  asymptotic 
forms  of  G(r,r')  and  ot 

$'n(r,2')  = -(V'p)  (d/dp)  [exp(ikp)/(4trp)] 

= (o/4tt)  [ <ik/o)-(l/o2)  ] oxp{  ikp  } (C. 2.2-20) 

(where  p = p/p)  in  this  limit.  Here,  p o -*■  -r'  = n;  but 

the  limit  ot  p must  be  obtained  in  second  order  since  p appears 
in  the  rapidly  varying  exponent: 

p =>  (r2  - 2r.r'  + r’2)1^2 
■+  r'[l  - 2 (r . r ' ) /r ' ] 1 

= r'  - t. r'  . (C. 2. 2-21) 

VI q then  have,  asymptotically, 

(3(r,r ' ) ^ - (l/4ur‘ ) cxp{ik(r'  -r.r'H  (C. 2. 2-22) 


and 


$'G(?,?«)  ^ (ikn/4wr')  exp{ik(r'  - ?.r')}.  (c. 2. 2-23) 


First,  we  shall  evaluate  the  contribution  to  the  53  intearal 

oo 


*We  shall  only  treat  the  case  three  dimensions  hero;  the  cal- 
culations in  the  two-dimensional  case  are  quite  similar. 
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of  the  p.  *>art  of  n< 
1 me  • 


/(jnc)  = fo  [G(?,r')ikP  oxp{  ilc.  r ' } 


Goo 


- P exp{  iTt  r ' }?  ' G (?,?  ' ) ) .ndA1 


(C. 2. 2-24) 


This  integral  being  taken  at  r'  one  nay  usr*  Eqs.  (C.  2. 2-2  2) 
and  (C. 2. 2-23),  and  find  by  carrying  out  the  integration  in  this 
limit: 


f(inc)  ^ p GXp{  ik.r } = n.  ' (r)  , 
J S me 


(0.2.2-25) 


i.o.  the  incident  wave  again,  which  thus  cancels  against  the  p.  (i 

1 me 

part  contained  in  n(r)  on  the  left-hand  side  or  Eq.  (0.2,2-16), 

leaving  there  only  the  n (r)  contribution.  fimilar.lv,  when  cal- 

sca  - 

culatina  the  contribution  of  n to  the  5 integral  in  Eg.  (0.2.2- 

sca  00  * 

we  find 


f 


(sea)  _ 


= 0 


(0.2.2-26) 


so  that  finally,  for  rinid  or  soft  bodies: 


(?)  = p(r' ) ^'0(r,r' ) ,ndA' , rinid  5 

sea  J f>  ' f 


>3ca(r)  =/  G ( r , r ' ) ? ' p (?'  ) *ndA'  , 


»ort  S 


(0.2.2-27) 
(C.2.2  -28) 


These  equations  are  !:noun  as  the  Paylei«h-Kirchhof f formulas  for 
the  scattered  pressure;  they  hold  in  exactly  the  sane  forn  also 
for  two-dimensional  scattering,  which  we  state  here  without  proof. 
Mote  that  in  the  integrals  enters  the  total,  rather  than  the  in- 
cident, field  on  the  surface  of  the  scatterer.  Eqs . (C. 2. 2-27) 

and  (C. 2. 2-2 8)  nay  be  considered  the  mathematical  expression  of 
Huygens'  nrinciole  in  which  the  Green's  function  G (?,?*'  describes 


) 


16)  , 
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and 

v'  0 (r  ,r ' ) ^ (ikr/4rrr)  exp(ik(r  - r'.r)  ) (C.  2. 3-32) 

For  cylindrical  aeonetry,  G is  rriven  by  Eq.  (C.  2,1-5)  and  wo  may 
use  tho  asymptotic  limit  of  Eq.  ( 2.2-19)  to  -five  us 

G(z,r')  (l/4i)  (2/  ukr)  2exp{i  (kr  - £'.r'  - v/ 4)}, 

(C. 2. 3-33) 

where  we  also  introduced  r = £',  the  direction  of  the  scattered 
wave  vector  (note  that  |k" | = |k|).  Further,  we  find  in  both 
two  and  three  dimensions  in  the  limit  oF  r -+■  «: 


a 

■ 

4 

< 

i 

I 

i 


$'G(*,f ')  ^ 


(C. 2. 3-34) 


-ik' O (r  ,r ' ) . 

These  asymptotic  Green's  functions  may  now  he  inserted  in  Eqs. 

(C. 2. 2-27)  or  (C. 2. 2-28),  and  by  comparison  with  Eqs.  (C. 2. 3-29) 
and  (C. 2. 3-30),  we  find  the  scattering  amplitudes  (Dimensions  be- 
ing indicated  by  an  index  2 or  3)  for  a rigid  S : 

r> 

f (r)  = -(ik/4frP)f  exp{  -ilt  • } (n.f: ' )p  (r ' )dA' 

3 J Ss 

(C. 2. 3-35) 

f (r)  = (1/P)  (k/a-ir  i ) 1//2f  exp{ -ik ' ,r ' } (n.k')p(r')  dA' 

2 Ss 

(C. 2. 3-36) 

or  for  a so^t  S 

s 

f (r)  = -(l/4irP)^  exp{-i&' ,r' }n.^'p (?' ) dA'  (C. 2. 3-37) 

3 

f (r)  = (1/iP)  (l/STTik)  l/2j  exp{-ifc'  ,r' }n,^'p(?' )dA' 

s 

(C. 2. 3-38) 

Again,  these  equations  ^or  the  scattering  amplitudes  are  exact  if 
the  correct  total  surface  field  is  inserted  in  the  integrals. 

If  the  surface  Sg  is  neither  rigid  nor  soft,  both  p and  n.^p 
terms  appear,  and  we  have 

f (r)  = (k/4iriP)^c  exp{-i£*  .?• } [k'p(r' ) - (i/k)$'p  (?' ) ] .ndA 

(C. 2.3-39) 

f (r)  = (1/P)  (k/8iri)  1/2^  exp{-iJc' .?' } [k'p(?» ) 

2 * o 

- (i/r) ^'p(?' ) ] .ndA'  (C. 2. 3-40) 

and  as  before,  these  amplitudes  are  exact  in  the  far-zone  limit. 
Using  Eq3,  (a-62)  or  (a-69),  one  has  the  differential  ("bistatic") 


cross-sections 


do  Alii  = If  (r)  I 2 (C. 2. 3-41) 

3 

d a /cl  4>  = | f2  (r)  | 2,  (C.  2. 3-42) 

ami  Uqs.  (a-b5),  (a.~72)}  give  the  expressions  for  the  so- 

* A 

nar  c.  s.'s  (note  that  for  backscatterinc,  k • = ~k)  ♦ 

a = 4tt|  {f3  (r)  }£,  a _£|2  - 4tt  ! 1:  3 (-TT ) | 2 (C.  2. 3-43) 

a = 2 tt  | { f ? ( r ) } jl , = _f  | 2 - 2r,  .f^n))2  (C.  2. 3-44) 

The  Kirohho-pf  method  an  will  be  discussed  in  the  following,  per- 
nits  an  evaluation  Eqs . (C. 2.3-33)  to  (C. 2. 3-43)  and  of  the 
sonar  c.  s.  in  an  approximate  fasliion. 

C . 2.4  THE  KlhCIIHOrr  APPno:qPATIQ:i 

The  assumptions  on  which  the  Kirchho^f  approximation  is 
based,  have  been  stated  in  subsection  C.l,  The  first  of  these, 
the  "tangent  plane  assumption " , considers  each  surface  element 
as  part  o f an  infinite  plane,  and  the  second  one  (the  modified 
Kirchhof f assumption) , takes  the  total  surface  fields  which  are 
to  bo  used  in  Eqs . (C. 2. 3-35)  to  (C. 2. 3-39)  as  those  on  the  sur- 

face of  this  tangent  nlane  with  the  appropriate  boundary  condi- 
tion . 

In  order  to  determine  the  surface  fields,  we  consider  the 
situation  shown  in  Fie.  C.l,  with  n the  outward  normal  to  an  in- 
finite half-space  with  a plana  boundary  given  by 

nh£  = 0 (C. 2. 4-45) 
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Fief.  C.l 


Geometry  of  incident  and  reflected  wave  vectors  on  infinite 
flat  half  space. 


we  have  a plane  v/avn 


Above  the  surface, 

n.  = P expfift.r}  (C. 2. 4-46) 

' me 

incident  along  1:  at  an  angle  0 with  respect  to  the  normal,  and  a 
reflected  (scattered)  wave 

PrGf  = aP  exofijc'.r}  (C.  2. 4-4  7) 

reflected  at  the  sane  ancle  6 so  that 

1c1  = k - 2(fc.n)n  (C. 2. 4-48) 

(with  the  magnitudes  k 1 = k , since  the  frequency  does  not  change 
by  reflection),  having  a reflection  coefficient  a which,  in  min- 
eral, is  a function  o^  6,  The  total  field 

p,  . , = P(exp{ik.r)  + ot  exnfik’.r}) 

total 

is  then,  using  (C. 2. 4-48): 

Ptotal  = P + oi  oxp{  -2i  (it , n)  n , r } ) ; 

(C. 2. 4-49) 

it  satisfies  the  boundary  conditions  of  I'.qs.  (C.  2. 2-12)  or 
(C, 2, 2-13).  Inserting,  we  find  that  the  rigid  or  so^t  surface 
corresponds  to 

a = 1 rigid  S (C. 2. 4-50) 

a = -1  soft  S (C. 2. 4-51) 

respectively,  and  the  surface  fields  are  given  by 
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rigid  5,  pj  s = 2 P expfiic.r*},  n.Vp|g  *=  0 

(C. 2. 4-52) 

soft  St  pj<5  = 0,  n.^pjg  = 2iic.nP  exp{iic.r'} 

(C. 2. 4-53) 


for  the  impenetrable  plane  half-space.  If  the  surface  is  neither 
rirrid  nor  so^t,  the  surface  fields  are 


p|si  = P(1  + a)  exp{  ift.  r ' } , 

n.'$p|s,  = ik.nP(l  - a)  exp{  ik.  r ' } (C.  2. 4-54) 

where  a is  the  appropriate  reflection  coefficient. 

According  to  our  assumptions,  these  surface  fields  are  now 
u3ed  in  the  integrals  a*  our  expressions  for  the  scattering  am- 
plitudes f,  Eqs . (C. 2. 3-35)  to  (C. 2, 3-40);  and  furthermore,  the 

integration  is  extended  over  the  insonified  surface  S of 

enson 

the  scatterer  only  since  we  take  p = 0 on  the  shadow  side  of  the 
scatterer.  Insertion  gives 


f3(r) 


(k/2iri)/  a { ? ' ) k * . n 
S 

enson 


exp{  i ( it— Jc * ) ,r ' }dA' 

(C. 2. 4-55) 


Of 

of 


f2(r)  = (k/2iri)  1 /2/  a(r')k',n  expl'i  (k-k* ) ,r*  }dA* 

S 


enson 

special  interest  in  our  calculation  of  sonar  c.  3. 

*+■ 

backscatterina,  k'  = -k  (0=it),  which  leads  to 


(C. 2. 4-56) 
is  the  case 


f (tt)  ■ - (k/2tri)  / a(r')k,n  exp{2i£.r ' }dA'  (C. 2. 4-57) 

J S 

enson 

f (it)  = - { k/2  tt  i ) / a(r’)k,n  exp{  2ik,r ' }dA'  (C. 2, 4-58) 

2 S 


enson 


V..' 


mi 

~T  j-,'  . I 


■n: 


<?• 


The  Kirchhoff  expression  the  sonar  c.  s.  is  now  obtained  by 
inserting  Eqs.  (C. 2. 4-57),  (C. 2. 4-58)  in  Eqs.  (C. 2. 3-43),  (C. 2. 2-44) 
respectively. 

In  the  f ol lowing  we  shall  discuss  some  conditions  of  applica- 
bility of  the  Kirchhoff  method,  and  shall  apply  the  latter  to  the 
calculation  of  the  sonar  c,  n.  o*  some  selected  bodies  as  an  ex- 
ample, At  this  point,  we  shall  still  add  some  comments  on  geomo- 
trical  interpretations  of  the  Kirchhoff  formulas. 

I*  we  take  k j | z,  the  integral  in  Eq.  (C,  2, 4-57),  for  the 
case  a = ±1,  may  be  written  as 


/ exp{  2.ikz  }dA 


(C. 2. 4-50) 


and  may  be  called  the  "equivalent  rlat-plate  area"  of  the  scatter- 

er.  It  is  obtained  by  taking  the  projection  dA^  o4'  the  element  dA 

on  a plane  normal  to  the  direction  incidence,  then  multiplying 

by  a phase  factor  cxp{2ikz)  which  assigns  each  area  element  the 

correct  phase  depending  on  its  relative  distance  from  the  source, 

and  integrating  over  the  entire  projected  area  A , 

z 

If  the  equation  of  the  surface  is  z - z(x,y),  the  integral 
nay  Ik?  rewritten  as 


/ (dA  /dz ) oxp{  2ikz  }dz  , 
0 


(C.2.4-G0) 


which  makes  it  the  Fourier  transform  of  dA  /dz,  mhir»  form  is  uso- 

z 

ful  if  we  know  the  equation  of  the  surface  of  the  scattorer,  since 
we  nay  then  determine  and  dA^/dz  a.s  functions  o41  z.  Here,  L is 
the  maximum  length  of  the  scatterer  in  the  z-direction,  and  A^  = 0 
(z  > L) , A%  = Az  nax  (z  < 0). 


tVfV-bi: 
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C.3  CONDITIONS  OF  APPLICABILITY 


Ue  shall  here  discuss  the  conditions  of  applicability  of  the 
far-zone  limit  r -*■«*,  as  well  as  of  the  Kirchhoff  approximation 
itself . 

C.3.1  FAP.-ZONE  APPROXIMATION 

The  far-zone  limit  r -*■  « entailed  certain  simplifications  in 
the  form  of  G(r,r')  and  $'G  leading  to  Eqs.  (C. P.,3-31),  (C.  2, 3-32), 
The  gradient  in  the  latter  equation  originally  led  to  an  expres- 
s i on  ( p = r - r ' ) : 

(ik/p)  + (1/p2)  (C. 3.1-61) 

which  we  approximated  by  the  leading  term,ik/p.  This  implies  the 
inequality 

kr  >>  1 or  r >>  A (C.3, 1-62) 

indicating  that  the  far  zone  begins  at  a distance  of  many  wave- 
lengths . 

In  addition,  in  the  exponential  of  G,  the  quantity 

p = (r  2 - 2i^r,  + r'  2)  l/  2 (C.3. 1-63) 

was  approximated  by  r - r.r'  to  obtain  Eg.  (C. 2. 3-31),  while  in- 
clusion of  the  next-higher  term  would  have  led  to 

exp{ikp)  = exp(ik(r  - r.r')^  exptikr* 2/2r ),  (C.3. 1-64) 

This  seems  to  entail  the  condition 

kr,2/r  <<  1 (C.3. 1-65) 

*► 

Here  r'  is  the  surface  coordinate  vector  on  S^,  thus  typically 
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some  distance  D of  the  transverse  dimensions  of  the  scatterer, 
implying 


r/k  > > D 


r >>  n2/x 


(C. 3. 1-66) 


This  condition,  which  may  be  relaxed  as  shown  below,  is  too  strin- 
gent and  would  lead  to  the  follwoing  difficulties: 


(a)  In  the  .unhofer  Region”  defined  by 


r > > D 


(C. 3. 1-67) 


(which  is  the  far-zone  limit  in  which  our  sonar  o.  s.  is  obtained) , 
Eg,  (C.  3. 1-66)  could  be  satisfied  for  D <,  \ , but  not  for  D >>  X or 
kD  >>  1,  i.e.,  no  hirrh-f reguenc''  (or  short-wave length)  approxima- 
tion were  possible  (unless  r >>>  p) . As  will  be  seen  below,  the 
Kirchhoff  approximation  is  intrinsically  a high-frequency  approxi- 
mation, however. 

(b)  In  the  "Fresnel  Reaion"  defined  by 


r > 0 


(C.3.1-6B) 


(which  would  be  the  case  o.cr.  for  the  tv/o-dinensional  situation  of 
an  infinite  cylinder),  Eq.  (C. 3. 1-66)  could  be  satisfied  only  for 
D <<  X or  kD  <<  1,  i.e.  only  in  the  low- frequency  (or  Iona  wave- 
length) approximation. 

Fortunately,  Eg.  (C. 3. 1-65),  (C. 3. 1-66)  are  not  true  restric- 
tions, as  seen  using  the  concept  of  "^rosnel  zones".  The  richt- 
most  exponential  in  Eq.  (C. 3. 1-61),  neglected  in  our  far-field 
Green's  functions,  alternates  in  phase  for 


kr,r>-/2r  - 0,  it,  2 tt  ..., 


(C. 3. 1-69) 
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i.e.  for 


r'  » (nAr)  (C. 3. 1-70) 

which  is  called  the  nth  Fresnel  zone  on  the  surface  of  the  scat- 
terer.  The  sian  changes  oc  this  phase  factor  nake  the  nil  con- 
tributions to  the  Kirchho^f  integral  effectively  cancel  out,  so 
that  most  of  the  contribution  cones  solely  from  the  first  Fres- 
nel zone.  Thus,  the  effective  distance  parameter  in  L’q,  (C. 3.1-60) 
is  not  n but  D’  = (Ar)1/2,  and  insertion  of  D*  makes  Eq,  (C. 3. 1-66) 
essentially  an  identity,  so  that  it  no  loncer  constitutes  a res- 
trictive condition,  and  Eq.  (C. 3. 1-62)  remains  solely  to  be  satis- 
fied . 

C . 3.2  CONDITIONS  FOP  THE  KIPCIHIOFF  APPROXIMATION 

As  stated  in  .Subsection  C.l,  there  exist  no  clearcut  condi- 
tions of  applicability  oc  the  Kirclihoff  method.  As  for  the  tan- 
aent  plane  assumption,  it  se<  n intuitively  clear  that  for  it  to 
hold  it  is  necessary  (although  perhaps  not  sufficient)  that  at 
each  insonifiod  surface  point,  we  have 

kid  >>  1 (C. 3.2-71) 

where  32  are  the  radii  oc  curvature  oc  the  surface  at  that  point; 
i.e.,  the  curvature  should  bo  qontle,  and  be  considerable  over  a 
distance  of  many  wavelengths  only;  otherwise,  the  surface  fields 
will  not  resemble  those  over  a flat  plane.  Since  'd  are  quantities 
comparable  to  the  scattorer*s  dimensions  [at  least  the  transverse 
dimensions  D,  in  consideration  of  Eq,  (0.2,4-39)),  we  also  have 

A <<  n or  kD  >>  1 (C. 3. 2-72) 
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This  show 3 that  intrinsically,  the  Kirchhoff  method  is  a hi^h- 
frequency  approximation . Note  that  IJq.  (C.  1.2-71)  does  not  allov;, 
in  principle,  that  the  scatterer  have  sharp  edges,  corners,  or 
tins;  it  must  be  a smooth,  gently  curved  object.  The  body  nay  al- 
so not  have  any  abrupt  terminations  (such  as  the  edges  a plate 
ot  finite  dimensions) : the  surface  field  close  to  these  will  sim- 
ply not  resemble  that  on  an  infinite  surface. 

An  abrupt  change  o^  the  assumed  surface  field  also  occurs  at 
the  shadow  boundary 

it.n  = 0 (C. 3.2-73) 

of  the  body,  since  the  field  is  taken  as  nonvunish.ing  on  the  en- 
sonified  surface,  and  as  identically  zero  in  the  shadov;.  In  fact, 
however,  the  transition  is  steady  over  a penumbra  reeion?  and  since 
the  width  of  the  latter  decreases  with  decroasina  wavelennth,  we 
are  intuitively  lod  hack  to  the  condition  IJq.  (C.3 .2-12) . 
Quantitatively,  the  decay  the  surface  field  in  the  penumbra  re- 
gion is  caused  by  the  creeping  waves  discussed  in  subsection 
2. 2. 2, 2,  with  an  azimuthal  decay  region  given  by  * of  IJq.  (2.2-85), 

X/ 

i.e.  essentially  by  (kD)-1/3.  Thus,  our  assumption  of  an  abrupt 
field  change  to  zero  into  the  shadow  is  only  warranted  if 

(kD)1/3  >>  1 or  X1/3  >>D1/3  (C.3. 2-74) 

This  is  more  stringent  than  IJq.  (C.3. 2-72),  since  it  implies 

kD  >>>  1 or  X <<<  D (C.3. 2-75) 

Thus,,  i^  the  situation  is  such  that  a shadov;  boundary  contribution 
enters  in  the  Kirchhoff  integral  in  an  essential  way,  the  latter 
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is  a valid  approximation  only  in  tho  extreme  hi<rh- frequency  limit 
(in  which  the  Kirchhoff  result  essentially  aivos  us  no  more  than 
the  neonetr ic-acoustic  result) . The  only  other  contribution  to 
the  Kirchhoff  integral  as  discussed  above,  is  essentially  that 
from  the  first  Fresnel  zone,  i.e,  from  the  point  of  specular  re- 
flection (cf.  Figure  2,2-3).  Tron  '.'hat  was  sail  above,  it  stands 
to  reason  that  if  the  Kirchhoff  approximation  is  used  only  for  a 
calculation  of  the  specular  return*  (not  including  the  reflections 
from  the  shadow  boundary)  , the  corresponding?  results  nay  have  some 
validity  also  in  the  usual  hiqh-f requoncy  limit,  i.o.,  comprising 
several  terns  in  an  expression  in  inverse  powers  of  kD,  without 
oblininq  us  to  adopt  tho  extreme  hinh  frequency  limit  in  which  all 
these  terms  except  the  lowest  (qeonetr ic-acoustic)  one  have  to  bo 
discarded . 

C.  4 A P P E I CAT  I Oh  S AND  CQMPARISOHS  UI^H  EXACT  PESth/fT) 

In  this  subsection,  we  shall  consider  various  examples  of  the 
application  of  Kirchhoff s approximation,  and  shall  obtain  the 
sonar  c.  s.'s  for  a number  of  selected  scattcrers  usinq  this  method 
of  calculation. 

C . 4 . 1 KIRCimOFT  CROSS  ECCTIOb  OF  THE  SPHERE 

The  three-dimensional  backscattorino  amplitude  of  a rieid  or 
soft  body  is  obtained  from  Eq.  (C. 2. 4-17)  as 

f(it)  = h ( ik/2  n ) / k.n  exo{2ik.r'  }dA'  , (C. 4. 1-76) 

Senson 

the  upper  siqn  correspondinc?  to  a rieid,  the  louor  to  a soft  boun- 


*This  point  will  be  illustrated  later  on  in  Appendix  C, 


clary.  We  shall  take  the  plane  wave  to  be  incident  along  the  z J 
axis  from  i.e.  k||z',  With  a polar  angle  o and  an  azimuth  <t>, 

one  has  for  a sphere  o c radiu3  a (Fig.  C.2) 

it.?'  = ka  co3  0 (C. -1.1-77) 

dA'  - a2  sinO  do  d<fr  (C. 4. 1-70) 

k.n  = cos0  (C. 4. 1-7 9) 

With  cos  0 = y,  this  gives 

f ( tt  ) a ±ika2/°  y oxp{  2ikay  }<ly  (C.  4. 1-00) 

- 1 

where  u = 0 corresponds  to  tho  shadow  boundary  (equator) , and 
u = -1  to  the  vertex  (south  pole;)  that  givon  tho  specular  re- 
flection. The  integral  can  be  obtained  analytically , so  that. 


f (tt) 


f 

sp.r 


(ff) 


+ 


f 

sh.b 


(n) 


(C. 4. 1-01) 


separating  the  part  corresponding  to  spocualr  reflection  (sn.  r., 
u - -1)  from  the  one  corresponding  r.o  rc;f lection  In/  tho  shadow 
boundary  (sh.  b.,  y = 0) . These  are,  respectively, 


f < tt  ) = ±(l/4ik)  ( 1+  3ika)  o:<o{-2.ika } 

sn.r, 

= ±(a/2){cosp  - (sinp/p)  - i[sinp  + (corjp/p)  ] } 

(C. 4. 1-72) 


where  we  called  p = 2ka,  and 

f . , (tt)  = ± (a  /2)  (i/3)  . (C.  4. 1-81) 

d i • n • 

The  sonar  c.s,  a - 4 tt  | f:  ( tt ) | 2 is  then 

a = Tta2  { [ 1 + ( 1 / B 2 ) ] - 2[(sinp,/B)  + (cos'b/B2))  + { I/O2  )> 
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(C.  4. 1-3  4) 


where  the  first  two  terms  correspond  to  the  specular  reflection 
(squared) , the  third  term  to  the  specular  and  shadow  boundary 
interference,  and  the  last  term  to  the  shadow  boundary  reflec- 
tion. The  geometrical-acoustics  cross  section  beina 


°GA  = ,,a' 


(C. 4. 1-85) 


one  has  for  the  Kirchhoff  sonar  c.  s.  of  both  the  rirrid  and  soft 


sohere: 


a a = 1 + 1/(2 (ka)2]  - (sin  2ka) /ka 

KJ.I  GA 

-(cos  2ka) /( 2 (kd)2]  , 


(C. 4. 1-36) 


as  obtained  by  a straight  forward  application  of  the  Kirchhoff 
approximation . 

In  I'ic.  C.3,  we  compare  the  Kirchhoff  result  oc  Eg.  (C.  4.1-3  6) 
ior  both  the  ricid  and  soft  sphere,  plotted  as  a dot-dashed  curve 
['IEUBAUER  - 1963],  with  the  sonar  c.  s.  for  a soft  and  for  a ricid 
sphere  [liOIWlPH  - 1969]  ; these  differ  crreatly  from  each  other  and 
from  the  Kirchhoff  result.  The  reason  for  thxs  is  the  following: 
as  shown  in  Section  2. 2. 2. 2 for  the  cylinder  (and  similar  for  the 
snhere) , the  sonar  c.  s.  consists  o^  the  coherent  superposition  of 
a rreonetrically  reflected  contribution  and  of  the  contribution  o^ 
creeping  waves  that  encircle  the  body  and  re-emerce  amain,  inter- 
fering with  the  reflected  wave . As  mentioned  there,  the  creeping 
wave  strength  is  considerable  for  rigid  bodies,  giving  rise  to  a 
strong  interference  nattern  as  seen  in  Ficure  f.3.  Por  soft  bodies, 
the  creeping  waves  are  highly  attenuated  and  thus  weak  as  they  re- 
emorae,  giving  rise  only  to  small  wiagles  in  the  exact  curve.  The 
Kirchhoff  approximation,  however,  consists  of  an  interference  be- 
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tween  the  geometrical-re  fleeted  wave  and  a reflection  contribu- 
tion frora  the  shadow  boundary,  causina  an  interference  pattern 
completely  different  frora  the  actual  situation. 

This  suggests  that  this  reflection  from  the  shadow  boundary 
is  a completely  spurious  effect  that  renders  the  straight forward 
Kirchhoff  result  invalid.  In  fact,  as  mentioned  earlier,  the 
sharp  shadow  boundary  assumption  in  this  annroximation  is  incor- 
rect except  in  the  limit  where  there  are  no  creeping  waves, 

(ka)1/3  >>  1.  Therefore,  the  terns  in  Eg.  (C,< 1.1-36)  that  involve 
shadow  boundary  contributions, 

a^;bAa*  = 1/  [ 4 (ka)  2 ] - (sin  2ka)/ka  - cos  ?.ka/[  2 (ka)  2 ] 

(C. 4. 1-37) 

are  correct  onl^  in  the  limit  ka  >>>  1,  in  which  a *'  -*•  0;  i.e., 

Kir 

if  it’s  nonvanishing,  it's  wrong.  dote,  however,  that  no  such 
condition  is  violated  in  the  specular  reflection  contribution, 


iSp,rAa2  = 1 + l/[  4 (ka)  ] 2 


(C. 4. 1-88) 


since  no  abrupt  field  change  occurs  at  the  specualr  point.  Thus, 
Eq.  (C.  4. 1-83)  is  expecte<l  to  be  correct,  including  the  term  with 
(ka)”2.  In  fact,  when  plotted  in  Figure  C.3  (dashed  curve),  hv 
specular-Kirchhof f sonar  c.  s.  resembles  that  of  the  soFt  sphere, 
which  latter  is  mainly  specular  with  small  creeping-wave  contri- 
butions only.  It  is  suggestive,  therefore,  that  the  Kirchhoff 
method  be  modified  so  as  to  disregard  any  shadow  boundary  contri- 
butions, and  to  retain  the  specular-reflection  contributions  only 
in  order  to  furnish  more  reliable  results.  This  point  will  be 
considered  again  later  on  in1' this  subsection. 


C.4.2  KIRCHHOFF  CROSS  SECTION  OF  THE  INFINITE  CIRCULAR  CYLIIIDER 
The  two-dimensional  backscattering  amplitude  of  a rirrid 
(upper  siqn)  or  soft  body  (lower  sian)  is  retained  from  Eq,  (C. 2,4-58) 


f ( it ) = T(k/2iri)  1/2/s  k.n  exn{  2iit.r  • }dA*  (C. 4. 2-89) 

enson 

The  plane  v;avo  shall  be  incident  alonq  the  -x'  axis  coning  from 
+»  (It | |-x') . With  an  azimuth  0,  one  has  (see  Fie,  C,4) 


it.r'  = -ka  cose 


(C. 4. 2-90) 


dA*  = a de  (per  unit  length  | [z!) 

A A 

k.n  = -cose 


(C. 4. 2-91) 
(C. 4. 2-92) 


This  gives 


f(ir)  * ±{a/2i)l/2  j (2ka) 


(C. 4.2-93) 


where 


J(z)  = (2z/ir)  1/2/^//2cose  exp{-zi  cosejdo 


(C. 4.2-94) 


Here,  o = 0 is  the  specular  point  and  0 = tt/2  the  shadow  boundary. 
The  sonar  c,  s,  a = 2 tt  | f ( 7r ) ] 2 is  then  simply 


°Kir/aGA  | d (2ka)  | 2 , 


(C, 4,2-95) 


using  the  sonar  c.  s,  of  geometrical  acoustics, 


°GA  = ffa‘ 


(C. 4. 2-96) 


Using  the  mehtods  introduced  later  on  (C.5.2) , it  can  be  shown 
that 


Fig.  C.4 


Geometry  of  two-dimensional  sound  scattering  from  ai: 
infinite  cylinder. 
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1 


(C. 4. 2-97) 


lira  I J(z)  j = 
2 ->«> 

so  that  this  limit 


lim  a = a (C. 4. 2-98) 

ka->-  KIP  GA 

i.e.  *oz  high  frequencies,  the  Kirchhoff  result  tends  toward  the 

geometrical-acoustics  sonar  c.  s.  As  a function  of  ka,  a is 

KIP 

plotted  in  Fig.  2.2.4  and  is  compared  there  with  the  exact  result 
for  the  rigid  cylinder.  The  same  remarks  that  were  made  for  the 
sphere  apply  to  this  comparison  al3o. 

C.4.3  KIRCHHOFF  CROSS  SECTION  OF  A FINITE  RECTANGULAR  FLAT  PLATE 
Consider  a rectangular  flat  plate  in  the  xy  plane,  centered 
at  the  origin,  and  of  dimensions  2a|[x  and  2b||y.  The  incident 
wave  vector  is  taken  to  point  toward  the  origin  along  the  straiaht 
line  of  direction  (e,<J>).  One  then  has  Eg.  (C. 4. 1-76)  for  the 
backscattering  amplitude,  with  (see  Fig.  C.5) 

ic.r*  =— k(x'  sinO  cos<j>  + y*  sine  sin$)  tz'cose  (C, 4. 3-99) 
dA'  *»  dx'  dy'  (C, 4. 3-100) 

k.n  = -cose  (C. 4. 3-101) 

The  integration  is  elementary,  and  if  one  uses  the  definition  of 
the  spherical  Bessel  function  of  zero  order, 

j ( z ) = (sin  z)/z  (C. 4. 3-102) 

one  finds  for  the  backscattering  amplitude; 


f ( tt  ) «*  T(2kiab  cosB/tt)  j0  (2ka  sine  cos<j>) 
x j0(2kb  sine  sin<f>) 


(C. 4. 3-103) 


The  geometrical  area  is  a (note,  this  is  not  a ) 

geo  GA 
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Fig.  C , 5 


Geometry  of  oound  scattering  from  a flat  rectangular  plate 
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4ab 


(C. 4. 3-104) 


a 

geo 

leading  to  the  Kirchhoff  cross  section 


a /a  ~ (4ab/ir)  [k  cose  j (2ka  sinQ  cos$) 

KIR  geo  0 

x j0(2kb  sine  sin<j>)]^  (C, 4, 3-105) 


It  is  seen  from  the  integration  that  this  result  consists  entirely 
of  edge  contributions.  Indeed,  there  is  no  specular  back scattering 
contribution  except  at  normal  incidence . Since  at  a sharp  edge, 
our  condition  o*  applicability  of  the  Kirchhoff  approximation, 

Eg.  (C. 3. 2-71),  is  never  satisfied,  the  value  of  Eq.  (C. 4. 3-105) 
is  not  a priori  clear.  It  may  be  seen,  however,  that  here  as  well 
as  in  other  cases  where  there  is  no  geometric-acoustics  contribu- 
tion to  the  sonar  cross  section  (for  example  for  the  cone) , the 
Kirchhoff  result,  coming  entirely  from  edges  or  tips,  nevertheless 
leads  to  surprisingly  good  results,  although  its  conditions  of 
applicability  seem  to  be  violated  here.  This  is  shown  in  Fig.  C.6 
where  we  plot  the  sonar  cross  section  normalized  to  the  area  (in 
the  db  scale)  for  a square  plate  of  dimensions  2a  = 2b  = 20A  ver- 
sus the  aspect  angle  0 (setting  <j>  = 0)  . The  Kirchhoff  approxima- 
tion result  (dashed  curve)  is  seen  to  agree  quite  well  up  to  an- 
gles 9 * 45°  with  the  exact  re;  lit  (solid  curve)  which  was  ob- 
tained by  a numerical  solution  of  the  Kirchho^f-Rayleiah  integral 
equation,  Eq.  (C. 2. 2-27),  as  well  as  with  the  results  (points)  o* 
Keller's  geometrical  theory  of  diffraction,  to  be  discussed  in 
Appendix  D [ROSS  - 1966] . The  agreement  is  almost  perfect  for 
small  angles  of  incidence,  9 < 27°.  An  explanation  for  the  good 
quality  of  the  Kirchhoff  result  lies  in  the  fact  that  if  the 
scattering  amplitude  is  obtained  from  an  integration  over  the 
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Fiff.  0,6 

Normalized  sonar  cross 
section  for  a rigid 
square  flat  plate  of 
dimension  20A,  given  by 
exact  theory  (solid  curve) 
and  Keller's  theory 
(points) , plotted  versus 
aspect  angle  0. 
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surface  pressure  such  as  in  Eq.  (C, 2, 3-35),  then,  although  p(r') 
deviates  from  the  expression  Eq.  (C. 2 ,4-52)  used  in  the  Kirchhoff 
approximation  in  the  vicinity  the  edges,  the  near-edge  pressure 
does  not  furnish  an  important  contribution  to  the  total  integral. 
This  remark  also  points  out  a way  for  improving  the  Kirchhoff  re- 
sult wherever  it  goes  wronas  in  this  case,  this  would  consist  in 
employing  the  exact  surface  pressure  p(r')  as  found  e.^.  from 
Sonmerfeld's  exact  edge  solution,  in  the  near-edge  region  of  the 
Kirchhoff  integral.  Such  an  approach  has  been  used  by  [UFIMTSEV  - 
1062]  for  improving  the  Kirchhoff  solution.  Another  approach, 
for  the  case  that  specular  reflection  contributions  are  present, 
will  be  pointed  out  later  on  in  this  Appendix. 

C.4.4  KIRCHHOFF  CROSS  SECTION  FOR  A FINITE  CYLINDER 

We  consider  a finite  circular  cylinder  of  length  2 l and 
radius  a,  oriented  with  its  axis| \z.  The  incident  wave  vector  £ 
is  taken  as  pointing  towards  the  origin  along  a srrainht  line  in 
the  xV  plane,  which  makes  an  angle  0 with  the  z/axis  (for  discus- 
sion's sake,  we  consider  e < tt/2)  . The  contribution  to  the 
(three-dimensional)  Kirchhoff  amplitude,  Eq,  (C. 4. 1-76),  then  has 
two  parts,  coming  from  the  circular  top  end,  and  from  the  illumi- 
nated portion  of  the  side  of  the  cylinder.  We  shall  consider  them 
one  at  a tine. 

(a)  Top  contribution.  With  an  azimuthal  variable  Cf , we 
have  here  (see  Fig.  C.7) 

k.r'  = -k(r3ine  cosc|?  + £cose)  (C. 4. 4-106) 

dA'  = rdrd(|)  (C, 4. 4-107) 

k.n  = -cose  (C. 4. 4-108) 
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v/horo  v is  a cylindrical  radius  coordinate.  Usina  the  Bessel 
function  formulas 

2 7T  J^(z)  = ir'Vg  nG3:p{  -iz  cos  Cf  - im^}dcp  (C. 4. 4-109) 

/ z JQ(z)dz  - z Ji (z)  (C. 4. 4-110) 

wo  find  the  amplitude 


f (it)  = I (ik/2)  a2  cose  exp{-2ik£  cosO} 
top 

x [J1  (2ka  sine)/ka  sine]  (C. 4. 4-111) 


which  for  i+Q  also  represents  the  backscattering  amplitude  for  a 
circular  ^lat  disc.  The  case  0=0  may  be  obtained  usina  the 
limit 


lira  [J  ( z ) / ( z/2 ) ] = 1 
z -*■()  1 

(b)  Side  contribution . Here 

£.?'  = -k  (a  sine  cos<^+  z cosB) 
dA'  = a dcf>  dz 
k.n  = -sine  coscf> 

Integration  leads  tc  the  amplitude 


(C.  4. 4-1]  2) 

(C. 4. 4-113) 
(C. 4. 4-114) 
(C. 4. 4-115) 


f side  ( if)  = + (2i/n)  ka  z sinO  jQ(2kJ,  cose) 
x ( ir/4ka  sin  0)  2 J(2ka  sin  0) 


(C. 4.4-116) 


where  j 0 in  the  zero  order  spherical  Bessel  function,  and  using 
also  the  function  J(z)  defined  in  Eg.  (C. 4, 2-94). 

The  total  amplitude  is  given  by 


C~,3b 
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f (it)  = + ika{ (a/2)  cose  exp{-2ik£  cose} 

x [J1  (2ka  sino)/ka  sine  ] -*-  ( 2 /it  ) £ sinO 
x j0  (2k£  cose)  U/4ka  sine)1/2  -T(2ka  sine)} 


(C. 4. 4-117) 


its  two  contributions  interfere  in  the  sonar  cross  section. 


a = 4 7T  (ka)  2 I { . . . } 


(C. 4.4-118) 


Limiting  cases  of  this  expression  arc  as  follows 
(i)  Axial  aspect  (e=0) : 


f ( -rr > = + (ik/2) a2  exp{-2ik£} 

3.X 

onv/(ira2)  = (ka)2 


(C. 4. 4-119) 
(C. 4. 4-120) 


(ii)  Broadside  aspect  (0=tt/2): 


f.  (rr)  = + j];a(2£/ir)  (ir/4ka)1/2  J(2ka) 
br 


°br  = ka[2£J(2ka)] 


(C. 4. 4-121) 
(C. 4. 4-122) 


In  the  hi^rh-frequency  limit,  using  Eq.  (C, 4. 2-97)  this  become0- 


lim  o,  = ka(2£)2. 
ka-*-00  hr 


(C. 4. 4-123) 


G . 4 . 5 KIRCflHOPF  CROSS  SECTION  FOR  A FINITE  CONE 

Me  consider  a finite  cone  of  height  h,  and  openin'!  anvie  oQ  , 
with  its  tip  at  the  oriain,  and  its  axis  along  the  negative  z-axis. 
The  incident  wave  vector  it  points  towards  the  origin  (see  Tier.  C.8) 
making  an  angle  0 with  the  positive  z axis,  We  take  both  eQ  <tt/2 
and  o < tt/2 . Uote  that  for  e < e , all  o * the  cone  is  ensonified 
so  that  the  azimuth  in  the  Kirchhoff  integral  of  Eq.  (C. 4, 1-76)  is 
0 < cp  - 2tt;  but  that  for  6Q  < 6 < it/2,  there  exists  a shadow  boun- 
dary  n.k  = 0 on  the  cone  surface  given  by  cos<ps  = -tan8^  cote,  so 
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Geometry  of  sound  scattering  from  a finite  cone 
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that  the  azimuthal  limits  are 


o < e0 
e < e0 

We  find  now 


(C. 4. 5-124) 


->  -V 

k.r'  = -kr(sin6  sine  cos  if  - cose  cos8A)  -(C. 4. 5-125) 

o I o 

dA'  = r dr  sinOQ  d c|>  (C.  4. 5-126) 

k.n  = -[sine  cose0  cos  cp  + cose  sin0o]  (C. 4. 5-127) 

Calling  the  radius  o^  the  basis  circle 


a = h tan0A  (C*4,. 5-123) 

o 

we  find  for  the  case  o*  steep  incidence  (e  < o0)  an  integral  ex- 
pression for  the  amplitude  using  Eq.  (C. 4. 4-109): 


f ( tt ) = + ik  sine Q [cose  sine Q /^/sine o rdr  JQ(2kr'  sine  sinOQ) 

x exp{  2ikr  cose  cosoa)  - i sine  cose  ra//sxnPo  rdr 

o o o 

x Jj (2kr  sine  sine0)  exp{  2ikr  coso  coseQ}]. 

(C. 4.5-129) 


For  the  case  0Q  tt/2,  this  eoes  over  into  the  amplitude  for 
scattering  from  a circular  disc,  contained  in  Eg.  (C. 4. 4-111). 

Specializing  now  to  the  case  of  axial  incidence,  0=0,  we 
can  carry  out  the  integrals  and  find 

f (tt)  = ±(tan2en/4ik)  [1  - (1  - 2ika  coten) 

OX  0 0 

x exp{2ika  cote0}]  (C. 4. 5-130) 

Of  the  expression  in  square  brackets,  the  term  1 represents  the 
contribution  from  the  tip,  and  the  remainina  terns  the  contribu- 
tion from  the  base  of  the  cone, 
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C.  4,6  KirCHIIOFF  CROPS  SECTION  FOR  AN  INFINITE  CONE 


For  an  infinite  co na,  the  base  radius  a -*•  » and  the  base 
contribution  o*  the  amplitude  of  Eq,  (0.4.6-130)  seems  to  diverse 
linearly.  It  may  be  armied , however,  that  in  the  contrary,  this 
contribution  actually  vanishes,  by  invoking  the  "principle 
differential  absorption " i due  to  the  absorption  in  the  medium, 
the  propagation  constant  has  always  a snail  imaginary  part,  i,e. 

k ->  k + ie , e > 0 (C.  4. 6-131) 

The  factor  exp(-2iea  cotOQ}  indeed  makes  then  the  base  contribu- 
tion vanish  i*  the  base  recedes  to  infinity.  The  Kirchhotf  am- 
plitude for  axial  incidence  on  an  infinite  cone  then  becomes 

f“  ( tt)  = ±tan20n/(4ik) , (C. 4. 6-132) 

ax  0 

and  the  cross  section  is 


a“  = tt  tan4 0 0/ (4k2  ) . (C.  4. 6-133) 

ax 

This  also  holds  for  a cone  that  is  so  long  that  its  base  contri- 
bution is  negligible. 

We  now  consider  the  case  near-axial  incidence  for  a long 
cone  (so  that  we  retain  the  tip  contribution  only).  Eg,  (C. 4. 5-129) 
then  contains  the  intecrals 

fh  x dx  J (x)  oxo{iex},  P a 0,  1 (C. 4. 6-134) 

0 p 

with 


A - 2ka  sine 


(C. 4.6-135) 
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and 


8 = cote  cot0Q  ‘ (C. 4. 6-136) 

which  may  be  integrated  by  parts  to  yield  a series  in  pov.*ers  of 
(1/8),  always  ncglectinc  the  base  contribution.  The  series  con- 
verges asymptotically  if  8 <<  1/  i.e.  if  tar.6  tan00  <<  1 (note 
we  always  assume  0 < Go).  We  then  get  the  amplitude. 

£“(*}  = tLaiL2lfl (1  + tane  tanG)},  (C. 4. 6-137) 

4ik  cose  u 

which  is  valid  either  for  0O  <<  1 (i.e.,  a cone  of  small  opening 
angle)  and  e < e Q , or  for  e <<  1 (i.e.,  near-axial  incidence)  and 
any  oQ  not  too  close  to  tt/2.  mho  corresponding  cross  section  is 

ct°°  = 7rtan4G0/(2k  cose)2  (C. 4. 6-133) 

Considering  noiv  the  case  of  a finite  cone  (i.e.  retaining  the 
base  contribution)  with  axial  incidence,  we  get  the  following  cross 
section  from  Tg.  (C. 4. 5-130): 

°ax  = °nx  tan20O^  “ 230(2ka  cotOQ) 

- [2/(2ka  cotG0) 2] [cos (?ka  cot00)  -1]}, 

(C. 4. 6-139) 


using  the  geometrical  base  cross  section 

aq  * ira2 , (C.  4. 6-140) 

ax 

The  squared  tip  contribution  is  here  given  by  1/2  o^  the  term  -1 
in  the  last  square  bracket.  In  the  high-frequency  limit,  ka  >>  1, 
one  obtains  *rom  l’q.  (C, 4. 6-139): 

a -*■  aq  tan20n;  (C.4. 6-141) 

ax  ax  u 

this  result  comes  exclusively  from  the  base. 
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A comparison  between  Kirchhoff  and  exact  solutions  (for  axial 


incidence  on  the  infinite  cone)  ha3  been  carried  out  by  [SIEGEL, 
et  al  - 1955] , who  found  that  the  exact  cross  section  for  the  small- 
angle  cone  is  four  times  laraer  than  that  given  by  the  Kirchhoff 
method,  Eq„  (C. 4. 6-133).  They  also  derived  the  corresponding  cross 
sections  for  axial  incidence  on  a cone  with  opening  ancle  close  to 
tt/2,  and  found  complete  agreement  between  exact  and  Kirchhoff  re- 
sults in  this  case.  It  is  to  be  noted  that  for  the  cone  as  a sonar 
target,  the  scattering  does  not  originate  from  any  specular  point. 
The  good  agreement  o*  Kirchhoff  results  (if  any)  for  a target  with 
a tip  that  violates  the  applicability  of  the  method  [eg.  (C. 3. 2-71)] 
is  explained  by  the  fact  that  the  surface  within  a wavelength  or  so 
of  the  tip  contributes  little  to  the  scattering  [ftBERALL  - 1964  and 
1966]  . 

C.4.7  KIPCHHOFF  CROSS  SECTION  OF  QUADRIC  SURFACES 

Kirchhoff  cross  sections  for  general  quadric  surfaces  (with 
axial  incidence)  have  been  obtained  by  [RUDGEP.S  - 1966]  . For  an 
ellipsoid  with  three  principal  axes  Zlt  z2,  z3  and  incidence  along 
l l , he  finds 

a = nlZ  Z /z  )2{1  - [(sin2kfc  )/k£  ] + ((sink?,  )/k£  ]2}. 

ax^3i  11 

(C. 4.7-142) 

The  oscillating  terms  represent,  o*  course,  the  interference  of 
the  specular  contribution  with  the  spurious  one  from  the  sharp 
shadov;  boundary,  typical  for  the  Kirchhoff  cross  section  for  a 
smooth  body. 

The  finite  cone  with  elliptic  cross  section  (principal  axes 

1,  Z ) may  be  treated  as  a degenerate  quadric,  with  the  result 
z 3 
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jhate: 


for  axial  incidence: 

a = (£„/£„)  2 (tar/’  0. ) irh2{  1 - t (sin2kh)  ,/kh] 
ax  1 * 0 

+ [ (sin  kh)  /kh]  2 } , (C.  4. 7-143) 

with  h = a cotOQ.  For  l ~ l f this  agrees  with  Eq,  (C.  4 . (1-139)  . 

c.5  possible  improve' ients  o.r  Tin:  KiRCiinorr  :tr,THF»n 
c.5.1  introduction 

The  Kirchho^f  appropriation  nay  be  improved  for  several 
typos  of  the  targets  discussed  in  the  nrececling  section.  Pioneer- 
ing wort  in  this  direction  is  due  to  [UFIMTSEV  - 1062] , as  men- 
tioned at  the  end  of  Subsection  C.4.3,  For  the  case  of  targets 
where  the  sonar  cross  section  is  due  to  edao  or  tip  diffraction, 
e.~.,  the  knov/n  exact  surface  field  near  the  edqc  or  tin  is  uti- 
lised in  the  Kirchhof f-Rnyleinh  integral,  Eq.  (0,2,3-30),  The 
sane  approach  is  used  near  the  specular  point  of  a curved- surface 
tamet,  where  the  knov/n  exact  surface  field  of  a simple  body  o* 
fppropiate  curvature  is  employed,  "This  corresponds  exactly  to 
the  "canonical  problems"  used  by  Keller  in  his  Geometrical  Theory 
of  Diffraction  (Appendix  L>)  , but  while  Keller  had  developed  his 
method  in  order  to  improve  on  the  aoonetrieal  acoustics  approxi- 
mation t Ufintsov’s  method  is  designed  to  improve  on  the  Kirchhof f 
apnroxination , On  the  basis  of  somcr  examples,  [SENIOR  and 
USLENGHI  - 1971]  have  shov/n,  hov/ever,  that  Keller’s  theory  tends 
to  acroe  more  closely  with  the  exact  scattering  results  than 
Ufintsev' s. 

A simpler  approach,  for  the  case  of  smoothly  curved  bodies 
with  specular  points,  was  suggested  at  the  end  of  Subsection  C.4.1 
for  the  exanple  of  the  sphere.  We  then  pointed  out  a way  of  im- 
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proving  on  the  Kirchhoff  approximation,  which  consiscs  in  an 
evaluation  of  the  integral  in  Eqs.  (C. 2. 4-55)  to  (C. 2, 4-58)  by 
the  stationary-phase  method  that  automatically  furnishes  the 
specular  contribution  only  (including  higher-order  corrections*) , 
so  that  the  spurious  shadow  boundary  reflections  are  eliminated. 
This  implies,  of  course,  that  possible  creepina-wave  contribution 
will  not  have  been  included  either;  but  these  should  be  important 
only  for  scatterers  of  simple  shape  such  as  spheres,  while  for 
targets  o*  more  complicated,  irregular  shapes  where  the  creeping 
waves  will  not  cause  any  effects  of  general  importance,  the 
Kirchhoff  cross  section  as  limited  to  the  specular  contributions 
by  the  use  of  the  above-mentioned  technique,  may  be  expected  to 
give  results  that  are  generally  close  to  the  exact  cross  section# 
In  the  following,  we  shall  discuss  the  method  of  stationary 
phase,  and  shall  show  how  it  provides  solely  the  specular  contri- 
bution to  the  Kirchhoff  cross  section  for  the  cylinder  and  the 
sphere . 

C . 5 . 2 METHOD  OF  STATIONARY  PHASE  FOR  CYLINDER  AND  SPHERE 

The  "method  of  stationary  phase"  is  due  to  Lord  Kelvin 
[ERDELYI  - 1956,  or  ECKART  - 1948 J.  It  differs  from  the  related 
"saddle  point  method"  (or  "method  of  steepest  descent")  which 
was  discussed  in  Section  2.2.2 #2  .insofar  as  the  integral  in  the 
former  case  remains  on  the  real  axis. 

We  shall  study  the  method  using  the  cases  of  an  infinite 
cylinder  and  of  a sphere,  which  may  here  be  treated  together 

♦There  is  no  guarantee,  of  course,  that  in  the  framework  of  the 
Kirchhoff  integral,  theue  higher-order  terms  are  quantitatively 
correct.  However , they  may  be  qualitatively  so,  as  indicated  by 
the  example  of  Fia.  T.2. 
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since  they  contain  similar  integrals.  The  backscattering  cross 

section  for  the  cvlindor,  f (r)  , is  aiven  in  Eq.  (C.  4.  2-93),  and 

c 

for  the  sohore,  f < -rr ) , in  Eqs.  (C. 4. 1-76)  or  (C, 4. 1-80).  "the  two 

s 

cases  may  be  combined  as 


f (it)  » ±2a (k/2iri)  1 /2  I„(ka) 

C G 

f-U)  = ;ika2I  (ha) 


(C. 5. 2-144) 
(C.'>.',»-145) 


(upper  sign  for  rigid,  lover  for  so^t  surface),  where 


I (ka)  - 2 cos o do 


i 1 \ e, 

(sinoj 


exp{-2ika  coso). 


(Our>*2-146) 


The  upper  line  in  the  brace  refers  to  the  cylindrical  case  (e) 

the  lover  line  to  the  spherical  one  (s) . The  limit  o = 0 is  the 

vertex  (specular  point,  or  "highliciit")  of  the  target  body,  and 

fl  = it/ 2 is  the  shadow  boundary.  The  integrands  in  I will  be 

c , s 

seen  to  have  a point  of  stationary  phase  [d/d0(2ika  cos  d ) = 0] 

at  the  vertex,  and  the  evaluation  o c I bv  the  method  of  station- 

c,s 

ary  phase  therefore  furnishes  just  the  specular  contribution  to  the 
scattering  amplitude. 

The  stationary-phase  method  is  applicable  ^or  values  of  the 
exnonential  parameter 


ka  >>  1, 


(C. 5. 2-147) 


and  the  results  will  be  obtained  as  an  asymptotic  series  jn  in- 
verse powers  of  ka,  which  constitutes  a high-frequency  expanses 
of  the  sonar  cross  section.  Due  to  the  generally  rapid  variation 

of  the  exponential  in  I if  Eq,  (C. '3.2-147)  is  satisfied,  only 

c,s 

regions  of  0 contribute  significantly  where  the  phase  -2ika  cose 


I 


becomes  stationary,  i.c.,  where  its  derivative  vanishes: 


2ika  sinfl  = 0. 


(0.5.2-148) 


This  happens  at  the  stationary  phase  point  6=0.,  with 


en  = o, 


(C. 5. 2-149) 


i.e.,  at  the  point  of  specular  reflection.  Mg  now  introduce  the 
new  variable  s by  defining 


-2cose  - (-2coso 0 ) = s2. 


(C. 5. 2-150) 


(l/2)s2  = 1 - cose. 


(C. 5.2-151) 


sc  that  s=0  at  the  vertex.  The  integral  then  becomes 


I (ka)  = exp{-2ika}/“*  (s)  exp{ikas2}ds  (C. 5.2-152) 


where 

*c,3{s)  = ~ a/4te2,“1/2^  (1  -U/2ls2).  (C. 5. 2-153) 

The  upper  limit  o*  integration  has  been  extended  from  to  CO 

v/ith  little  loss  of  accuracv.  bTe  now  expand  $ (s)  in  a series 

c , s 

of  powers  of  s2,  and  then  integrate  term  by  using  the  basic  inte- 
grals 


/"  exp{ikas2)ds  = (ir/4ka)l/2  exp{iu/4} 


(C. 5. 2-154) 


/“  s exp{ikas2}ds  = i/2ka. 


(C. 5. 2-155) 


; l \ 
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Inserting  in  Eq.  (C. 5.3-152)  and  using  Eqs.  (2.2-65)  and  (2.2-72) , 


the  sphere#  in  the  fom  of  an  asymptotic  series  (hiah-froquency 


\\ 

Inserting  in  E 

we  obtain  the 

the  sphere#  in 

1 

V.. 

expansion) * 

a „ = 

\ f 
1 1 

c 

* ira{l  + [3/32  (ka) 2]  + ...} 
g - na*|l  - (i/2ka) | 2 
= ira2{  1 + [ 1/4  (ka)  2 ] } . 


(C. 5.2-156) 
(C. 5. 2-157) 
(C. 5. 7-153) 
(C. 5. 2-159) 


These  exprr  ssions  do  not  distinguish  between  rigid  and  soft  scat- 
terers.  For  the  case  of  the  sphere#  the  series  ends  with  the  two 
terns  given  here#  and  it  is  gratifying  to  note  that  the  specular 
expression  thusly  obtained#  Eq.  (C« 5. 2-159) # agrees  exactly  with 
that  obtained  in  a more  intuitive  fashion  (as  the  value  of  the 
integral  taken  at  the  specular  limit)  in  Eq.  (C. 4. 1-83).  For  the 
cylinder,  an  infinite  series  is  obtained. 

It  is  evident  that  the  application  of  the  method  of  station- 
ary phase  to  the  Kirchhoff  integral  has  provided  us  with  the  cor- 
rect geometrical-acoustics  expression  for  the  sonar  cross  section# 
modified  by  a high-frequency  asymptotic  series.  The  higher  terms 
in  this  series  arise  from  the  fact  that  successive  Fresnel  zones 
about  the  specular  point  are  taken  into  account  in  the  stationary- 
phase  integral.  In  the  framework  of  the  Kirchhoff  approximation# 
including  the  tangent  plane  assumption#  these  hiaher  terms  should 
be  correct.  It  stands  to  reason#  however#  that  the  tangent  plane 
assumption  may  not  be  physically  permissible  as  far  as  obtaining 
the  higher  terms  is  concerned.  This  problem  should  be  critically 
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investigated,  and  other  approaches  should  be  considered. 

Firstly,  for  the  cylinder,  the  specular  contribution  to  a 

c 

can  be  obtained  from  the  batson-transfom  expression  Eq . (2.2-103) 

with  f (it)  disregarded,  and  with  f (it)  extracted  from 

creep  geon 

Eq.  (2,2-84)  as  the  successive  terms  of  a hich-f roquency  expan- 
sion [and  not  just  as  its  lowest-order  term,  Eq.  (2.2-99)],  by 
retaining  higher-order  terms  in  the  saddle-point  method  used  in 
this  connection.  It  is  not  clear,  however,  whether  the  hiaiier- 
ordcr  terns  obtained  from  the  Natson-trans formation  method  may 
be  more  reliable  than  those  obtained  by  the  Kirchhoff  method. 

There  are,  however,  two  methods  available  that  should  fur- 
nish us  the  guaranteed  exact  specular  contribution  to  the  sonar 
cross  section  (in  the  form  of  a high-frequency  asymptotic  series 
if  necessary),  thus  being  superior  to  nfintsev's  approach  to  this 
problem.  One  o*  these  is  the  Luneburc-Kline  method,  discussed  in 
Section  2 „ 2. 2,1,  which  is  an  approach  based  on  differential  aoo- 
metry.  The  other  one,  an  integral  approach,  consists  in  taking 
the  limit  o c r -*  in  the  Kirchhof f-Eaylei<-*h  integrals 

Eqs . (C.2.2  — 27)  or  (C.7.2— 29),  and  3olviu<s  the  ensu.ine  integral 

equation  for  the  surface  fields;  but  the  practicability  of  such 
a method  is  not  clear  [URETSKY  - 1963,  1965],  mhis  latter  method 
might  be  combined  with  a stationary-phase  expansion  of  the  exact 
Kirchhof f-Rayloigh  integrals,  in  which  only  the  (exact)  surface 
field  and  its  successive  derivatives  at  the  specular  points  have 
to  be  known.  Investigations  along  such  lines  might  nrove  quite 
fruitful . 
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APPENDIX  D 


KELLER'S  GEOMETRICAL  THEORY  OF  DIFFRACTION 
D.l  GENERAL  DESCRIPTION 

Keller's  theory  is  called  the  Geometrical  Theory  of  Diffrac- 
tion because  it  is  based  on  the  geometrical  concept  of  the  ray.  The 
fundamental  assumption  of  this  theory  is  to  postulate  the  existence 
of  diffracted  rays  in  addition  to  the  ordinary  rays  of  geometrical 
acoustics.  Thus,  in  contrast  with  all  other  high  frequency  methods, 
it  begins  with  the  high  frequency  limit  (geometrical  acoustics)  and 
perturbs  away  from  it.  Since  it  was  introduced  in  1953  this  theory 
has  won  widespread  acceptance  for  electromagnetic  applications.  Its 
potential  for  acoustic  scattering  is  just  beginning  to  be  explored. 

It  should  not  yet  be  considered  to  be  complete  or  even  self  consistent. 
It  continues  to  evolve  as  its  applications  are  worked  out. 

The  main  practical  advantage  of  the  theory  is  that  it  can 
be  applied  to  bodies  of  complex  geometry.  This  property  of  the  theory 
derives  from  a second  fundamental  assumption,  viz.,  that  diffraction 
is  a local  phenomenon,  which  allows  the  scattered  field  from  a com- 
plicated target  to  be  treated  as  a sum  of  contributions  from  separate 
idealized  parts  of  the  body. 

Diffracted  rays,  which  originate  on  the  target,  are  assumed 
to  be  continued  away  from  the  target  according  to  the  ordinary  laws 
of  geometrical  acoustics.  Initial  conditions  on  these  rays  at  their 
point  of  origin  on  the  target  are  assumed  to  be  determined  by  the 
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local  geometry  of  the  body  and  the  incident  rays.  For  example,  local- 
ly an  edge  should  behave  like  an  infinite  wedge,  for  which  an  exact 
solution  of  the  diffraction  problem  is  available.  Comparison  with 
this  known  solution  determines  the  initial  condition  on  rays  origi- 
nating from  an  edge.  Idealized  problems  whose  exact  solutions  are  used 
in  this  way  are  called  canonical  problems  in  Keller's  theory. 


D. 2 THEORETICAL  BASIS 


The  total  field  at  a point  is  assumed  to  be  equal  to  the  sum 
of  the  contributions  from  all  rays  which  reach  that  point.  These  may 
include  the  incident  and  reflected  rays  of  geometrical  acoustics  as 
well  as  diffracted  rays.  There  are  three  classes  of  diffracted  rays; 
they  are,  in  decreasing  order  of  importance:  (a)  edge  diffracted 

rays,  (b)  tip  diffracted  rays,  (c)  creeping  wave  rays. 


Fig.  D.2-1  (a)  Edge  diffracted  rays,  (b)  Tip  diffracted  rays, 

(c)  Creeping  wave  rays 


A ray  incident  on  an  edge  is  assumed  to  give  rise  to  a cone 
of  diffracted  rays,  the  half  angle  of  the  cone  being  equal  to  the 
angle  of  the  incident  ray  with  the  edge.  A ray  incident  on  a tip 
gives  rise  to  diffracted  rays  in  all  directions.  A ray  tangentially 
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incident  on  a convex  body  launches  a circumferential  wave  on  the  sur- 
face (creeping  wave)  which  re -radiates  to  the  observation  point  via 
another  tangential  ray  (the  path  from  source  to  observation  point 
would  coincide  with  a taut  string  connecting  the  two  points) . The 
magnitudes  of  the  fields  on  edge  diffracted  and  tip  diffracted  rays 
are  proportional  to  k“^  and  k“^  respectively,  while  fields  on  creep- 
ing wave  rays  are  exponentially  damped.  We  shall  now  discuss  the 
calculation  of  these  fields  in  detail.  All  of  the  results  of  this 
appendix  are  for  rigid  bodies.  This  is  not  a limitation  of  the  theory, 
which  can  also  be  applied  to  soft  and  penetrable  bodies. 

D.2.1  EDGE  DIFFRACTION 

A ray  incident  on  an  edge  gives  rise  to  a cone  of  diffracted 
rays  whose  half  angle  is  equal  to  the  angle  of  the  incident  ray  with 
the  edge  (Fig.  D.2-1  (a)).  We  express  the  field  along  such  a diffracted 
ray  by  means  of  geometrical  acoustics;  from  eqs.  (b-8,26)  we  have 


rw  = m) 
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where  in  our  present  notation  and  P2  are  the  distances  of  the  refer- 
ence wavefront  at  £Q  from  the  two  caustics  of  the  ray  bundle.  The 
edge  is  a caustic  since  cones  of  diffracted  rays  intersect  there.  We 

i 

therefore  have  a configuration  such  as  the  one  shown  in  the  figure 
: below. 

i 

i 

i 

D-3 


£ 1 '<Lr  vm-v t . >’.n  •••/,  it, li'-tSiAzi 


■ liiii  i r i 


We  wish  to  measure  the  distance  along  the  ray  from  the 
edge.  Therefore,  we  let  l = s,  ZQ  = p2*  We  also  wish  to  position 
the  reference  wavefront  at  the  edge.  We  know  from  geometrical  acous- 
tics that  the  field  is  infinite  on  a caustic.  However,  we  assume 
that  the  field  has  the  form  of  a cylindrical  wave  near  the  caustic 
so  that 

pT  P (A)  - pr  t?(A)  — > A0  ° 

Therefore,  we  express  the  field  along  a diffracted  ray  by 

('S)  = / sj s O + s/(°<  ^ 

where  D is  a constant  called  the  diffraction  coefficient. 

The  quantity  is  equal  to  the  distance  of  the  other  caus- 
tic from  the  edge  along  the  diffracted  ray.  This  distance  is  negative 
if  the  caustic  is  between  the  edge  and  the  observation  point,  positive 
otherwise.  The  principles  of  differential  geometry  may  be  used 
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[KELLER  - 1957]  to  determine  in  terms  of  the  geometry  of  the  edge 
and  the  incident  and  diffracted  rays,  giving  the  result 

- ( ft  (d-2) 

( dJ  ( 

where  p is  the  radius  of  curvature  of  the  edge,  6 is  the  angle  between 
the  incident  ray  and  the  tangent  to  the  edge,  £ is  arc  length  along 
the  edge,  and  <$  is  the  angle  between  the  diffracted  ray  and  the  princi- 
pal normal  to  the  edge.  ("Principal  normal"  is  a term  from  differen- 
tial geometry  which  indicates  the  normal  which  lies  in  the  osculating 
plane  of  the  edge  and  points  toward  the  center  of  curvature.  For  a 
curved  planar  edge  the  osculating  plane  is  the  plane  of  the  edge.) 

For  small  values  of  s (near  field)  the  solution  expressed 
by  eq.  (d-1)  has  the  form  of  an  outgoing  cylindrical  wave,  whereas 
for  large  values  (far  field)  it  has  the  form  of  an  outgoing  spherical 
wave,  except  in  the  case  of  a straight  edge.  In  this  case  we  have  p, 
and  hence  p^,  infinite.  The  solution  is  a cylindrical  wave  at  all 
ranges.  Thus,  for  finite  straight  edges  the  method  fails  to  account 
for  physically  required  spherical  spreading  at  sufficiently  large  dis- 
tances from  the  edge.  We  conclude  that  the  Keller  method  fails  in 
the  far  field  in  the  specular  direction  for  finite  straight  edges. 

It  is  possible  that  tip  contributions  (see  next  section)  from  the 
ends  of  the  straight  line  could  cancel  the  cylindrical  wave  and  pro- 
duce a valid  approximation,  but  this  is  conjectural  since  the  required 
canonical  solutions  for  tip  diffraction  are  not  available. 
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The  diffraction  coefficient  D is  chosen  so  that  the  solution 


agrees  with  the  exact  solution  for  an  infinite  wedge  as  the  edge  is 
approached.  Comparison  with  the  asymptotic  form  of  the  exact  solution 
[KELLER  - 1962]  gives  the  following  expression  for  the  diffraction 
coefficient 
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where  (2-n)ir  is  the  wedge  angle, 

3 is  the  angle  of  the  incident  ray 
with  the  edge,  and  angles  a and  0 
are  shown  in  Fig.  D.2-2 
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Projection  of  Incident  & Diffraction 
Rays  onto  Plane  Normal  to  Edge. 
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The  far  field  expression  for  the  field  given  by  eq.(d-l)  is 
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If  is  negative  the  diffracted  ray  passes  through  a caustic.  In 
this  case  we  choose  the  sign  of  ±i  so  that  our  result  agrees  with  the 
known  phase  change  as  given  by  geometrical  acoustics.  Thus,  we  have 
[KELLER  - 1957] 
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Scattering  by  a finite  cylinder  is  presented  in  § D. 3.1.  as 
an  example  of  edge  diffraction. 

D.2,2  TIP  DIFFRACTION 

A tip  is  assumed  to  act  as  a point  source  producing  an  out- 
going spherical  wave.  Therefore,  we  write  the  scattered  field  from  a 
tip  in  the  form 


P - P-  T> 


(d-5) 


where  p.  is  the  value  of  the  incident  field  at  the  tip,  s is  the  dis- 
tance of  the  field  point  from  the  tip,  and  D is  a diffraction  coefficient 
to  be  determined  by  comparison  with  a canonical  problem.  A reasonably 
general  canonical  problem  for  tip  diffraction  is  scattering  by  a semi- 
infinite  elliptic  cone. 

While  this  problem  has  been  solved  [KRAUS  and  LEVINE  - 1961] , 
a simple  expression  for  D has  been  obtained  only  for  circular  cones  in 
the  thin  cone  angle  limit.  This  result  is  [BOWMAN  et  al.  - 1969,  p.  655]: 


U C 


(ot/Q  ) 


K c+-a  S +■  Co-*  ^ 


4“  C-OT-JL  Q $ 


$+e.  * v 


& ( <=e  - 9 9.  etOc-tf-'Y  ^d'6^ 


where  a is  the  half -angle  of  the  cone  and  0Q,  <pQ  and  6,  4>  are  the  spheri- 
cal angles  of  the  incident  and  diffracted  rays. 
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It  follows  from  dimensional  arguments  that  D is  always  pro- 

i -1/2 

portional  to  k for  tip  diffraction.  Since  D is  proportional  to  k 
for  edge  diffraction  it  follows  that  tip  diffraction  is  less  important 
than  edge  diffraction  at  high  frequencies.  For  this  reason  and  because 
of  the  difficult  analytical  expressions  for  tip  diffraction  coefficients 
tip  diffraction  has  received  little  attention  in  the  Keller  literature. 

0.2.3  CREEPING  WAVE  DIFFRACTION 

A ray  tangentially  incident  on  a smooth  body  (see  Fig.  D.2-3) 
launches  a surface  wave  at  called  a creeping  wave  (§  2. 2. 2. 2) 


Fig.  D.2-3 

As  the  creeping  wave  propagates  along  a geodesic  in  the  surface  it 

conti uiausly  re-radiates  along  tangential  rays.  Suppose  one  such  ray 

launched  at  Q2  reaches  the  observation  point  P.  The  field  at  P is 

written  as  the  product  of  the  following  factors: 

(1)  The  value,  p.  , of  the  incident  field  at  Q, . 
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(2)  Diffraction  coefficients  D(Q^)  and  DCQ^)  associated  with 
the  points  and  Q2.  It  is  assumed  that  only  the  curvature  of  the 
surface  in  the  direction  of  the  creeping  wave  affects  the  field.  Thus, 
locally  the  surface  would  behave  like  a cylinder  of  radius  equal  to 
the  radius  of  curvature  in  the  direction  of  propagation.  Using  this  as 
a canonical  problem  we  obtain  [LEVY  and  KELLER  - 1959] 


(d-7) 


where  a is  the  radius  of  curvature  and  3-^  ( - 1.01879  ...)  is  the 

f 

smallest  root  of  (-3)  = 0.  is  the  Airy  function  and  A^(-$^)  ® 
0. 53566. . . 


form 


(3]  A phase  and  attenuation  factor.  We  express  this  in  the 
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where  t is  the  distance  from  to  in  the  surface,  s is  the  distance 
from  to  P,  and  a(x)  is  the  attenuation  constant,  which  is  assumed 
to  be  a function  of  surface  curvature  in  the  direction  of  propagation. 
By  using  the  circular  cylinder  as  the  canonical  problem  we  obtain 
[LEVY  and  KELIER  - 1959] 


where  a is  a function  of  t. 
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(4)  A factor  which  expresses  the  geometrical  spreading  of 
rays  in  the  surface.  This  is  derived  [LEVY  and  KLLLER  - 1959]  by 
assuming  that  the  energy  lost  by  an  area  element  of  a narrow  bundle  of 
surface  rays  is  proportional  to  the  area  element.  The  resulting  expres- 
sion for  this  factor  is 
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where  dc  (Q)  is  the  width  of  an  infinitesimal  bundle  at  Q. 

(5)  A factor  which  expresses  the  geometrical  spreading  of  rays 
about  the  ray  from  Q-  to  P.  The  surface  is  a caustic  of  diffracted 
rays  and  by  reasoning  similar  to  that  used  in  § D.2.1  this  is  the  same 
factor  which  appears  in  eq.(d-l),  viz.. 
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where  s is  the  distance  from  Q2  to  P and  is  the  distance  from  to 
the  other  caustic  along  the  direction  of  the  diffracted  ray.  The 
latter  is  negative  if  the  diffracted  ray  passes  through  the  caustic, 
positive  otherwise. 

Combining  the  above  factors  we  express  the  field  at  P by 
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The  above  result  is  obtained  by  considering  only  the  predomi 
nant  mode  of  the  canonical  problem.  In  reality  there  are  an  infinite 


number  of  inodes.  Higher  order  terms  can  be  included  by  replacing  D, 
a,  3^  by  D^,  c^,  0^  and  summing  over  m.  Voltmer  [1970]  has  derived 
higher  order  corrections  to  D and  a which  take  into  account  transverse 
surface  curvature. 

Scattering  by  a sphere  is  presented  in  § D.3.2  as  an  example 
of  creeping  wave  diffraction. 


D. 2.4  TOE  CAUSTIC  CORRECTION 

Eqs.  (d-1)  and  (d-12)  fail  (blow  up)  at  a caustic.  These 
expressions  may  be  modified  in  the  neighborhood  of  a caustic  by 
reference  to  a canonical  problem.  The  car  cal  problem  in  this  case 
is  a straight  line  caustic  in  free  space  (no  boundaries  are  present) . 
The  solution  of  the  wave  equation 

l 7l  c K ^ -dv»  S 
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in  cylindrical  coordinates  r,  <f>,  z with  6 a constant  represents  such 
a caustic,  for  if  we  replace  the  Bessel  function  Jn  by  its  asymptotic 
form  for  large  argument  we  obtain 
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Thus,  the  solution  corresponds  to  two  cylindrically  symmetric  families 
of  rays  which  both  intersect  the  z-axis,  which  is,  therefore,  a caustic 
(Fig.  D.2.4) 


} 


Fig.  D.2.4 

The  method  of  caustic  correction  consists  of  the  following 
procedure.  We  first  express  the  field  in  a form  which  can  be  recog- 
nized as  the  asymptotic  form  of  an  expression  of  the  type  (d-13) . If 
the  argument  of  the  Bessel  function  is  real  we  simply  replace  the  asymp- 
totic form  of  the  Bessel  function  by  the  Bessel  function  itself.  The 
resulting  expression  will  be  well  behaved  in  a neighborhood  of  the 
caustic  and  we  assume  it  to  be  correct  there.  Examples  of  this  pro- 
cedure applied  to  diffraction  by  a finite  cylinder  can  be  found  in 
§§  D.3. 1.7-8. 

If  the  argument  of  the  Bessel  function  would  be  complex 
according  to  the  above  procedure  then  we  need  to  state  the  principle 
a little  more  carefully.  The  caustic  correction  is  performed  by  multi- 
plying the  expression  for  the  field  by  the  factor 
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An  example  of  the  latter  procedure  applied  to  diffraction  by  a sphere 
is  given  in  § D.3.2.6. 


D.2.5  MULTIPLE  DIFFRACTION 

Che  of  the  advantages  of  the  Keller  method  over  the  Kirchhoff 
method  is  that  it  can  take  account  of  multiple  diffraction.  For 
example,  a diffracted  ray  from  one  edge  may  be  incident  on  another  edge 
giving  rise  to  secondary  diffraction.  The  diffracted  rays  from  the 
second  edge  are  called  doubly  diffracted.  (An  example  of  double  diffrac 
tion  is  given  in  § D.3.1.8) 

Since  each  scattering  introduces  a factor  of  k~^  (from  the 
diffraction  coefficient)  into  the  solution,  summing  the  contributions 
from  such  multiply  diffracted  rays  produces  an  expansion  in  inverse 
powers  of  k.  If  we  were  to  compare  this  expansion  with  the  asymptotic 
expansion  of  an  exact  solution  we  would  expect  them  to  disagree  after 
a certain  number  of  terns.  For  example,  for  an  infinite  slit  failure 
occurs  after  two  terns  [KARP  and  KELLER  - 1961].  There,  is,  unfor- 
tunately no  general  theorem  which  enables  us  to  predict  at  which  term 
failure  occurs.  ’ Higher  order  terms  which  actually  improve  the  solu- 
tion extend  its  range  of  applicability  to  lower  frequencies.  Thus, 
even  where  the  Kirchhoff  and  Keller  methods  agree  in  the  high  frequency 
limit  the  latter  may  produce  better  results  at  lower  frequencies. 

D.3  APPLICATIONS 

D.3.1  THE  FINITE  CYLINDER 

As  an  example  of  edge  diffraction  we  now  consider  the 
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backscattering  of  a plane  wave 
from  a rigid  cylinder  of  radius  a 
and  length  2i.  At  a general  edge 
point  (P)  the  cone  of  diffracted 
rays  does  not  contain  any  rays  in 
the  backscattering  direction. 

However,  assuming  the  aspect  8 
restricted  to  the  range  0 < 6 < 90°, 
at  points  1,  2,  and  3 (Fig.  D.3-1) 
this  cone  flattens  out  into  the  plane  of  the  paper  producing  back- 
scattered  rays.  Each  of  these  three  points  makes  a contribution  to 
the  backscattered  pressure  of  the  form  given  by  eq.(d-l),  or,  restrict- 
ing to  far  field  values,  of  the  form  given  by  eq. (d-3)  or  eq. (d-4) . 
Combining  the  latter  two  equations,  the  form  of  the  contribution  to 
the  far  backscattered  field  from  each  of  the  three  points  is 


where  is  the  incident  pressure  at  the  point  in  question,  D is  the 
diffraction  coefficient,  s is  the  distance  from  the  point,  and  the 
principal  radius  of  curvature  of  the  wavefront  p-^  is  given  by  eq.  (d-2)  . 
We  now  calculate  each  of  these  factors. 


D.3.1.1  THE  INCIDENT  FIELD 


Let  the  incident  plane  wave 
be  given  by 

-4. 

p.  „ = exp  i k-  „ • r (d-16) 

rinc  r inc  v J 

A 

where  k^c  = (0,  sin  6,  cos  0)  (d-17) 
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Fig.  D.3-2 

We  evaluate  this  expression  at  points  1-3 

on  the  cylinder.  From  Fig.  D.3-2  we  immediately  obtain 
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D. 3.1.2  THE  PHASE  FACTORS 

ilcs 

We  now  calculate  the  phase  factor  e associated  with  each 
point.  Let  s^  be  the  distance  of  the  field  point  from  the  i^  point  cn 
the  cylinder. 


S- 


i - 


1,8,3 


(d-19) 


Making  the  far  field  approximation  we  obtain 

z 4 * (^  - ^ ) (d-20) 

It  follows  from  Fig.  D.3-2  that  these  factors  are  all  proportional  to 
the  incident  field;  specifically 
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D.3.1.3  THE  DIFFRACTION  COEFFICIENTS 

The  diffraction  coefficients  are  obtained  from  eq.(d-3).  We 
set  n = 3/2  since  the  wedge  angle  is  90°  and  0,  the  angle  of  the  inci- 
dent ray  with  the  edge,  is  90°  at  each  point  of  diffraction.  We  obtain, 
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Fig.  D.3-3 


D.3.1.4  THE  PRINCIPAL  RADIUS  OF  CURVATURE 

The  principal  radius  is  obtained  from  eq. (d-2).  Refer- 
ing  to  Fig.  D.3-4  where  £ = aa  is  arch  length  along  the  edge  and  t is 
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We  see  that  since 
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we  have 
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Substituting  into  eq. (d-2)  we  obtain 


C<  = 


and  using 
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we  finally  obtain 


f.  ("».  ' = A (-^a  ) - A /a 
f3,  (^  ) = - */a 


As  we  have  seen  the  negative  sign  in  the  latter  expression 
introduces  a factor  of  exp  -i-n/2  which  represents  a phase  change  of 
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90°  due  to  the  fact  that  the  diffracted  ray  passes  through  a caustic. 


D.3.1.S  CROSS  SECTION  (SINGLE  DIFFRACTION) 


In  the  calculation  of  the  above  factors  we  have  considered 
singly  diffracted  rays  only.  Combining  these  factors  as  in  eq. (d-15), 
summing  from  one  to  three,  and  using  eq.  (2.2-65)  for  the  cross  section, 
we  obtain 
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where 
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D.3.1.6 

BROADS  I EE  INCIDENCE 

We  note  that  diffraction  coefficients  and  D2  are  singular 
at  broadside  incidence  (9  = 90°).  From  eq. (d-30)  we  may  see  that  they 
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approach  + “ J , respectively.  However,  the  sin- 

gular terms  combine  so  as  to  cancel  the  singularity.  Thus,  neglecting 
the  contribution  from  which  is  of  higher  order  in  k’*f  we  have 
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which  agrees  with  the  Kirchhoff  result,  eq. (c-124) . 

At  broadside  incidence  there  are  specularly  reflected  rays 
which  have  not  been  included  in  the  present  calculation.  This  would 
appear  to  be  an  exception  to  our  principle,  stated  at  the  beginning  of 
§ D.  2,  that  every  ray  which  reaches  a point  contributes  to  the  field 
there.  This  principle  implies  that  the  geometrical  acoustics  field 
should  be  included  in  regions  of  specular  reflection.  However,  in  far 
field  calculations  of  this  type  in  which  one  or  more  of  the  surface 
radii  of  curvature  is  infinite  we  have  seen  in  § B.2  that  the  geo- 
metrical acoustics  method  fails.  In  these  cases  the  effect  of  the 
infinite  radius  of  curvature  is  felt  through  the  singularity  in  the 
diffraction  coefficient.  A similar  problem  has  been  treated  by  Keller 
[1957,  p.  432]. 
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An  unexpected  difficulty  arises  when  we  attempt  to  include 
doubly  diffracted  rays  at  broadside  incidence.  Only  one  of  the  rays 
diffracted  by  an  edge  of  the  cylinder  reaches  the  other  edge.  However, 
the  calculation  of  the  principal  radius  p-^  of  the  doubly  diffracted 
rays  requires  a bundle  of  rays.  Thus,  the  Keller  postulates  do  not 
seem  to  cover  this  case,  which  could  possibly  be  dealt  with  through 
the  introduction  of  another  canonical  problem.  Ahluwalia  £1970]  has 
dealt  with  the  problem  of  scattering  of  a plane  wave  by  a finite  cy- 
linder by  means  of  a uniform  asymptotic  expansion.  However,  his 
result  for  backscattering  at  broadside  incidence  (from  his  eq.  6.26) 
differs  in  first  order  from  our  Keller  and  Kirchhoff  results  by  a fac- 
tor of  2.  Apparently  the  discrepancy  arises  because  he  has  explicitly 
included  a reflected  wave  which,  in  the  specular  direction,  should 
enter  through  a singularity  of  the  diffraction  coefficient  as  explained 
in  the  previous  paragraph. 

D. 3.1.7  AXIAL  INCIDENCE 

The  diffraction  coefficients  D£  and  D~  are  singular  at  axial 
incidence  (6  = 0) , being  proportional  to  ~f.  [El  $ respectively  as  we 
see  from  eq. (d-30) . The  singularity  occurs  because  there  is  specular 
reflection  in  this  direction.  However,  when  D£  and  are  combined, 
the  singularity  does  not  cancel  as  for  broadside  incidence.  Instead, 
we  obtain 
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The  singularity  remains  because  "he  axis  of  the  cylinder  is 
a caustic  of  diffracted  rays.  A caustic  correction  as  described  in 
§ D.2.4  must  be  applied.  We  recognize  that  the  right  hand  side  of 
eq.(d-32)  is  the  asymptotic  expansion  of 
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Since  3” , (*)  / x - yf 

X ->  a 


£ we  can  set  8 equal,  to  zero  in  the 
above  expression.  We  replace  the  right  hand  side  of  eq.(d-32)  by  the 
value  thus  obtained.  Then  neglecting  the  contribution  from  D.. , which 
is  of  higher  order  in  k”1,  eq.(d-28)  gives  the  following  result,  for 
the  cross  section 
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which  agrees  with  the  Kirchhoff  result,  eq.(c-120). 


D.3.i.8  AXIAL  INCIDENCE  (DOUBLE  DIFFRACTION) 

We  now  consider  singly  diffracted  rays  which  cross  the  disc 
of  the  cylinder  at  axial  incidence  and  produce  other  diffracted  rays 
at  the  opposite  side.  For  an  observation  direction  slightly  off-axis 
there  are  two  such  doubly  diffracted  rays,  as  shown  in  Fig.  D.3-5 
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Fig.  D.3-5 

Doubly  diffracted  rays 
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The  singly  diffracted  rays  are  treated  as  the  incident  field 


for  the  doubly  diffracted  rays.  They  have  a principal  radius  equal 
to  -a.  This  follows  because  is  equal  to  the  distance  from  the 
diffraction  point  to  the  axial  caustic.  Hie  quantity  is  negative 
because  the  ray  passes  through  the  caustic.  The  diffraction  coefficient 
is  obtained  from  eq. (d-3)  by  setting  n = 3/2,  £ = w/2  and  a = 0, 
e = -it/2  and  o = ir/2,  e = tt  for  cases  (a)  and  (b)  respectively.  In 
both  cases  we  find  the  following  value  for  the  incident  field  of  the 
doubly  diffracted  rays. 
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The  axis  of  the  cylinder  is  also  a caustic  of  doubly  diffracted 
rays.  Therefore,  the  value  of  p^  is  + for  cases  (a)  and  (b) 

respectively.  To  obtain  the  diffraction  coefficients  we  set  n * 3/2, 

3 * tt/2  in  eq.  (d-3)  and  replace  a,  9 by  (a)  it,  tt/2  + y,  (b)  -n/2,  y. 

In  both  cases  we  find  that 
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The  sum  of  the  two  contributions  give  the  following  result 
for  the  doubly  diffracted  field. 
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We  apply  the  caustic  correction  by  recognizing  that  the  right  hand  side 
of  eq.(d-37)  is  the  asymptotic  expansion  of 
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We  now  assume  that  this  expression  gives  the  correct  limit  as 


x.e. , 
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Combining  the  above  result  with  the  corresponding  expression 
for  the  singly  diffracted  field  and  calculating  the  cross  section  from 


eq. (2.2-65)  we  obtain 
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D.3.2  THE  RIGID  SPHERE 

We  now  consider  the  backscattering  of  a plane  wave  from  a 
rigid  sphere  as  an  example  of  creeping  wave  diffraction.  If  the  plane 
wave  is  incident  in  the  North  to  South  direction  then  at  each  point 
on  the  equator  an  incident  ray  launches  a creeping  wave  which  travels 
along  a great  circle,  passes  through  the  South  pole,  and  returns  to  the 
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equator  where  it  re -radiates.  Thus,  each  point  on  the  equator  produces 
a diffracted  ray  in  the  backscattering  direction,  which  is,  therefore, 
an  axial  caustic. 

In  order  to  apply  the  caustic  correction  we  must  consider  a 
direction  of  observation  which  is  slightly  off-axis  and  take  the  limit 
by  the  method  explained  in  § D.2.4.  There  are  two  diffracted  rays  in 
such  a direction  as  shown  in  Fig.  D.3-6. 


Fig.  D.3-6 

Each  of  these  rays  will  contribute  a term  of  the  type  given  by  eq.  (d-12) . 

1 

We  now  calculate  each  of  the  factors  in  the  latter  equation. 

D.3.2.1  THE  INCIDENT  FIELD 

The  field  of  the  incident  plane  wave,  I5nc  = exp  i k z is 
equal  to  unity  at  the  equator,  z = 0. 

D.3.2.2  TOE  DIFFRACTION  COEFFICIENTS 

The  radius  of  curvature  of  the  sphere  is  equal  to  the  radius, 
a,  of  the  sphere.  Since  it  has  the  same  value  at  every  point  the 
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product  DCQ^)  D(Q2)  in  eq. (d-12)  can 
by  eq. (d-7). 


be  replaced  by  D2  where  is  given 


D.3.2.2  PHASE  AND  ATTENUATION 

The  attenuation  constant  given  by  eq.(d-9)  is  constant  in  the 
present  example.  We  see  that  the  phase  and  attenuation  factor  given 
by  expression  (d-8)  is 
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for  diffracted  rays  (a)  and  (b)  respectively  (Fig.  D.3-6). 

the  far  field  approximation  we  have 
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D.3.2.4  SPREADING  OF  SURFACE  RAY? 


The  effect  of  geometrical  spreading  of  surface^ rays  is  given 
by  expression  (d-10)  in  the  form  <sr  where 

is  the  width  of  an  infinitesimal  bundle  of  rays  at  Q.  For  a sphere 
this  width  is  proportional  to  the  radius  of  the  latitude  circle.  We 


find 
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From  symnetry  we  would  expect  this  ratio  to  approach  unity.  However, 
we  should  note  that  the  surface  rays  both  pass  through  a caustic  (focal 
point  at  the  South  pole) , which  introduces  a factor  exp  { -ir  i/2  j . 
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D.3.2.5  THE  PRINCIPAL  RADIUS  OF  CURVATURE 


The  principal  radius  is  the  distance  from  the  launch  point 
of  the  diffracted  ray  to  the  axial  caustic. 
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for  rays  (a)  and  (b)  respectively.  We  have  a minus  sign  in  the  latter 
case  because  the  ray  passes  through  the  caustic.  Making  the  far  field 
approximation, 
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D. 3.2.6  THE  CAUSTIC  CORRECTION 

Combining  the  contributions  from  the  two  diffracted  rays  we 
can  express  the  creeping  wave  contribution  to  the  field  in  the  form 
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Contained  in  the  above  expression  is  the  asymptotic  form  of 


JQ([k  + ia]  ay).  Since  the  argument  of  this  Bessel  function  is  complex 
we  perform  the  caustic  correction  according  to  the  principle  stated  in 
§ D.2.4  by  multiplying  by  the  factor 
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After  taking  the  limit  y -+  0,  substituting  from  eq.  (d-7)  for 
D 2,  and  substituting  from  eq.  (d-9)  for  a,  the  creeping  wave  contribu- 
tion tc  the  backseat tered  field  can  be  written 
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D.3.2.7  CROSS  SECTION 

Since  there  are  specularly  reflected  rays  as  well  as  creeping 
wave  rays  in  the  backscattering  direction,  contribut ions  from  both  must 
be  included  in  the  calculation  of  the  total  field.  The  specular  reflec- 
tion term  is  calculated  according  to  the  principles  of  geometrical 
acoustics  (Appendix  B).  We  obtain  for  the  cross  section 
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D.4  LIMITATIONS:  DOMAINS  OF  VALIDITY:  EXTENSIONS 

The  purpose  of  Keller's  method  is  to  provide  a prescription 
for  treating  scattering  fran  a complex  target  as  a weighted  sum  of  scat- 
terings from  its  component  parts,  modeled  as  simple  idealized  bodies. 

To  accomplish  this  it  introduces  a number  of  well  founded  postulates  of 
an  ad  hoc  nature  whose  application  is  not  always  straightforward.  Some 
skill  and  experience  are  required  to  avoid  occasional  pitfalls,  and, 
as  we  saw  in  § D.3.1.6,  situations  may  be  encountered  which  are  not 
covered  by  the  basic  postulates. 

However,  while  its  difficulties  may  be  subtle,  they  are  sel- 
dom intractable.  In  the  hands  of  an  experienced  analyst  the  theory  can 
usually  provide  a solution  for  a complex  target  which  is  suitable  for 
numerical  computation.  This  is  one  of  its  main  practical  advantages, 
one  which  has  been  demonstrated  in  many  applications,  especially  in 
electromagnetic  theory. 

We  now  list  some  specific  limitations  of  the  theory  along  with 
possible  remedies  or  extensions. 

1.  Required  solutions  to  canonical  problems  may  not  be 
available,  especially  for  penetrable  bodies.  As  an  example,  consider 
diffraction  by  a rectangular  flat  plate.  The  Keller  solution  includes 
tip  diffraction  terms  corresponding  to  the  comers.  To  evaluate  the 
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diffraction  coefficients  we  could  use  as  the  canonical  problem  the  ellip- 
tic cone  in  the  limit  that  it  approaches  an  angular  sector.  As  we  saw 
in  § D.2.2  this  result  is  not  presently  known.  Nevertheless,  Ross  [1966] 
has  shown  good  agreement  with  experiment  for  a result  based  on  the  Keller 
solution  for  an  infinite  strip  modified  by  a factor  which  allows  for 
finite  length.  The  latter  factor  is  based  on  Kirchhoff  theory  with  edge 
on  aspect. 

2.  Keller’s  method  fails  in  neighborhoods  of  caustics,  shadow 
boundaries,  and  other  transition  regions.  In  this  respect  it  displays 

a characteristic  property  of  asymptotic  expansions  in  general.  An 
ad  hoc  method  for  making  a caustic  correction  was  described  in  § D.2.4 
and  illustrated  in  the  examples.  However,  the  mathematically  rigorous 
way  of  dealing  with  this  difficulty  is  to  derive  a uniform  asymptotic 
expansion,  which  is  valid  throughout  the  transition  region.  Some  recent 
progress  has  been  made  in  this  area,  for  example  see  [LUWIG  - 1966, 

LEWIS  and  BOERSMA  - 1969,  AHLUWALIA  - 1970]. 

3.  The  Keller  method  fails  in  the  specular  direction  in  the 
far  field  for  scattering  from  a finite  straight  edge.  Thus,  in  cross 
section  calculations  it  fails  for  normal  incidence  on  a finite  straight 
edge. 

4.  The  diffraction  and  attenuation  coefficients  given  by 
eqs  . (d-7,9)  for  creeping  wave  diffraction  involve  the  surface  curva- 
ture in  the  direction  of  propagation.  Keller  and  Levy  [1959]  have 
derived  corrections  which  incorporate  the  rate  of  change  of  curvature 

in  the  direction  of  propagation  and  Voltmer  [1970]  has  given  corrections 
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which  also  include  the  effect  of  transverse  curvature.  Even  with  these 
refinements  Keller's  theory  will  break  down  for  sufficiently  large 
wavelength.  In  applying  this  criterion  the  wavelength  should  be  com- 
pared with  the  smallest  dimension  of  the  body.  Thus,  as  we  have  seen 
in  the  example  problems,  a long  thin  body  such  as  a prolate  spheroid 
may  require  a very  high  frequency  in  order  for  the  Keller  method  to  be 
applicable.  In  such  problems  the  physical  phenomena  resemble  traveling 
waves  more  closely  than  creeping  waves.  Thus,  a more  suitable  approach 
for  long  thin  bodies  is  one  based  on  traveling  waves  such  as  that  of 
Goodrich  and  Kazarinoff  [1963] . 

5.  As  we  saw  in  § D. 2.5  the  range  of  the  solution  may  be 
extended  to  lower  frequencies  by  the  inclusion  of  multiple  diffraction 
but  there  is  no  gereral  theorem  which  determines  the  optimum  number  of 
multiple  scatterings  to  be  included  in  a given  calculation.  In  view 
of  this  it  is  prudent  to  limit  calculations  to  one  such  correction 
unless  comparison  with  the  asymptotic  expansion  of  the  exact  solution 
can  be  made. 

6.  In  regions  of  specular  reflection  the  Keller  solution 
for  the  scattered  field  consists  of  the  geometrical  acoustics  solution 
plus  the  diffracted  field.  Thus,  higher  order  corrections  to  the  geo- 
metrical acoustics  solution  may  become  important  in  such  regions. 

Methods  for  calculating  these  corrections  are  described  by  Keller, 

Lewis  and  Seckler  [1956] . 
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7.  In  the  Keller  method  the  incident  field  must  be  describable 
by  rays  (the  Kirchhoff  method  does  not  have  this  limitation) . A wide 
variety  of  fields  satisfy  this  requirement  but  the  theory  has  been 
worked  out  only  for  simple  sources  and  plane  waves.  Recent  work 
[FASNAQrr  - 1973]  indicates  that  for  more  complicated  sources  the  method 
may  have  to  be  modified. 

8.  The  geometrical  theory  of  diffraction  has  been  formulated 
for  inhomogeneous  as  well  as  uniform  media  [SECKLER  and  KELLER  - 1959] . 
Except  for  applications  in  the  above  paper,  this  potentiality  of  the 
theory  has  been  very  little  exploited. 
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